GALOIS REPRESENTATIONS ASSOCIATED TO 
AUTOMORPHIC FORMS ON GL2 OVER CM FIELDS 
AND LOCAL-GLOBAL COMPATIBILITY UP TO 
SEMI-SIMPLIFICATION 

CHUNG PANG MOK 

Abstract. In this paper we generalize the work of Harris- Soudry- 
Taylor and construct the compatible systems of two-dimensional 
Galois representations associated to those cuspidal automorphic 
representations of cohomological type on GL2 over a CM field 
whose central characters satisfy an invariance condition. We also 
prove a local-global compatibility statement, up to semisimplifica- 
tion. 



1. Introduction 

In the works [HST] of Harris- Soudry- Taylor and |T2j of Taylor, the 
authors construct the compatible system of two-dimensional p-adic Ga- 
lois representations associated to a cuspidal automorphic representa- 
tion of cohomological type on GL2 over an imaginary quadratic field, 
whose central character satisfies a suitable invariance condition. The 
improvement |BH] of Berger-Harcos shows that the the Galois rep- 
resentations constructed by |HSTt IT2] satisfies the correct equality 
of Frobenius and Hecke polynomials, outside an explicit finite set of 
primes. The aim of the present work is to generalize the results of 
|T2[ IBHj to a general CM field, and to prove a local-global compatibil- 
ity statement, up to semi-simplification, at primes not dividing p. 

To state the main result of this paper, we set up some notations. Let 
E he a. CM field, with F its maximal totally real subfield. Denote by 
r the Galois conjugation of E over F. Suppose that vr is a cuspidal au- 
tomorphic representation on G'L2{J^e) (where A^; is the ring of adeles 
of E). We assume that vr is of cohomological type. Denote by the 
central character of vr. 

Fix an embedding Q C. Similarly, for each prime p, fix an 
embedding Q Q^. Fix an isomorphism ip : = C compatible 
with these two embeddings of Q. 

As usual, we denote by Gl the absolute Galois group of any field L. 
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Theorem 1.1. Suppose that the central character of n is invariant 
under t, i.e. 00^. := o r = u;^. Then for each prime p, there exists a 
continuous irreducible p-adic Galois representation: 

Pp-.Ge^ GL2(Q^) 

such that, for each finite prime w of E not dividing p, we have the 
local-global compatibility statement, up to semi-simplification: 

Here WD is the Weil-Deligne functor, and Ce^ is the local Langlands 
correspondence for GL2{Eyj). Furthermore, if tt^ is not of the form 
Stg^ (8)x, where St^;^ is the Steinberg representation ofGL2{Ey,), and 
X is a character of E^ , then we have the full-local- global compatibility 
(as usual up to Frobenius semi-simplification): 

i,WD{p,\G,y-'' ^ CeJtt^ ® I det \-'/'). 

According to general conjectures, since tt is cohomological, the Galois 
representation pp should be geometric in the sense of Fontaine-Mazur, 
i.e. Pp should be deRham (in the sense of Fontaine) at places of E 
above p. We are not able to prove this in general, and we are content 

to state: 

Theorem 1.2. For each finite prime w of E above p, the representation 
Pp is Hodge-Tate atw, with the correct Hodge-Tate weights (determined 
by the archimedean components of tt; see theorem 5.17 for the precise 
statement). 

Furthermore, suppose that w is a place of E above p, inert over F , 
and such that tt^ is spherical, with distinct Satake parameters otw ^ l^w 
Then pp is crystalline at w. 

Suppose that w is a prime above p that splits over F, with conjugate 
prime w'^ , such that and ti^t are spherical, with Satake parameters 
Oi'W-Pw foriTyj, and for tTwt respectively. Suppose that the el- 

ements {c(w, (3u,,auir, Pyj-r} are all distinct. Then Pp is crystalline at w 
(and also at w'^). 

Remark 1.3. 

The Galois representations Pp is constructed using p-adic limit process 
from Galois representations which are geometric. However, taking p- 
adic limit process does not in general preserve the deRham property, 
which is the reason that we are not able to show that pp is deRham at 
primes above p in general. For exactly the same reason, the existence 
of Pp alone does not imply the Ramanujan conjecture for tt. 
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About the proof. As in the case of [T21 IBH] . the fundamental diffi- 
culty in the construction of the Galois representation is that the group 
R'es£;/Q GL2/_E (Weil restriction of scalars) does not admit a Shimura 
variety. The basic idea of Harris-Soudry- Taylor |HST] is that when 
the cuspidal automorphic representation vr on GL2(A£;) satisfies the 
condition that the central character is invariant under r, the represen- 
tation 71 admits a lifting 11 as a cuspidal automorphic representation 
on the group GSp4(Ai7). One can choose the lifting 11 so that it is rep- 
resented as a holomorphic Siegel-Hilbert modular form. The argument 
of |T2tlBHj . involving consideration of quadratic twists of vr, allows one 
to extract the two dimensional Galois representation associated to vr 
from the four dimensional Galois representation associated to 11, if the 
latter can be constructed. 

One of the difficulty in the construction of the Galois representation 
associated to 11 is that it is not of cohomological type. More precisely, 
its archimedean components belong to holomorphic limit of discrete se- 
ries. To circumvent this difficulty, we draw on the results of [M] (which 
is a generalization of the results of Kisin-Lai |KLj to the Siegel-Hilbert 
case). Suppose first that the cuspidal automorphic representation 11 
admits Iwahori fixed vectors at primes of F above p. Then the main 
result of [M] gives a one-parameter family of p-adic deformation of 11, 
with the property that there is a Zariski dense set of so-called classical 
points in the family, corresponding to cuspidal automorphic representa- 
tions of GSp4(Ai;') of cohomologcal type (actually having archimedean 
components in holomorphic discrete series), and these points accumu- 
late to n. A standard argument using the theory of pseudo-character 
allows one to construct the Galois representation attached to 11, if one 
can construct the four dimensional Galois representations attached to 
a cuspidal automorphic representations on GSp4(Ai;') (say 11') that is 
of cohomological type. 

When F = Q, the Galois representation associated to such a IT can 
be constructed from the p-adic etale cohomology of a suitable Siegel 
three- fold (work of Laumon [L] and Weissauer [Wj). However, when 
F 7^ Q, the Galois representation obtained by using the p-adic etale 
cohomology of a similar Siegel-Hilbert modular variety would be of 
dimension 4[^'*^1 (same phenomenon as in the construction of Galois 
representation associated to Hilbert modular forms), and is no longer 
appropriate. Instead, if one has a lifting of H' to an automorphic rep- 
resentation H' on GL^lAp), then the latter would be of cohomological 
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and self-dual type, and the arguments of Sorensen [Soj and Chenevier- 
Harris |CliH] allow one to construct the Galois representation asso- 
ciated to n', using Galois representations that ultimately come from 
etale cohomology of Shimura varieties of unitary groups [Sh]. 

If n' is globally generic, then the lifting to GL4(A^) follows from the 
work of Jacquet-Piateski-Shapiro-Shalika (unpublished, see for example 
|GRSj ) and of Asgari-Shahidi |ASj . However, in our case, the members 
corresponding to the classical points in the p-adic family are not generic 
at the archimedean primes, in particular not globally generic, and their 
result does not apply. Instead, we use the result of Arthur |AH IA2j 
on endoscopic classification of the discrete automorphic spectrum of 
GSp4(Ai?), which in our case gives the required lifting to GL4(Ai?) 
(alternatively we can use the result of Arthur [A2] on the generic packet 
conjecture, but in any case this is proved using the main results of [A2] 
on endoscopic classification). 

The above strategy works in the case when 11 has Iwahori-fixed vector 
at primes of F above p. To treat the general case, we use the patching 
lemma of |Soj . together with the result that we can do base change 
for automorphic representation on GSp4 over solvable extensions. This 
latter result again relies on the works of Arthur |A1[ IA2] , combined with 
the solvable base change theorems of Arthur- Clozel |AC] for general 
linear groups, and the result of Shahidi |S2] on the non-vanishing of 
twisted exterior square L-function at s = 1. 

The method of using p-adic deformation is the main difference with 
the method of |Tlj , where the method of considering p-power congru- 
ences between 11 and forms of cohomological type is used instead. Even 
though the method of using p-adic deformation is less elementary, it 
has an advantage, namely one can prove a local-global compatibility 
statement for primes of F not dividing p, up to semi-simplification, for 
the Galois representation associated to 11 (which is not of cohomologi- 
cal type), using the corresponding local-global compatibility statement 
for the Galois representations associated to cuspidal automorphic repre- 
sentations on GSp4(Ai?) that are of cohomological type. The argument 
is a generalization of Chenevier |Chj . and we rely on the work of Gan- 
Takeda jGTlt[UT2] . which gives a fairly explicit description of the local 
Langlands correspondence for GSp4, and allows us to control the semi- 
simple part of the local Langlands parameter at primes not dividing p 
in a p-adic family via Bernstein components. Here we are also using 
the results of Chan-Gan [CGj to ensure that the local Langlands corre- 
spondence for GSp4 constructed by Gan-Takeda is compatible with the 
trace formula lifting from GSp4 to GL4 in the framework of |A1I, IA2j . 
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We remark that it seems difficult to obtain the full local-global com- 
patibility statement (i.e. including the monodromy part) using p-adic 
deformation technique. 

Once we have a local-global compatibility (up to semi-simplification) 
statement for the Galois representation associated to 11, we can use 
a generalization of the argument of |BHj . again involving quadratic 
twists, to obtain the local-global compatibility statement, up to semi- 
simplification, for the Galois representation associated to the cuspidal 
automorphic representation on GL2(A£;) that we started with. Since 
base change arguments is used in the proof of local-global compatibility 
(up to semi-simplification), it is crucial that we are able to do the 
construction for a general CM field. Finally, the part of theorem 1.2 on 
the crystalline property can be proved as in the work of A. Jorza [J], 
using the results of K. Nakamura [NJ and F.C. Tan [Tan] generalizing 
results of Kisin to arbitraty p-adic local fields on analytic continuation 
of crystalline periods. 

On the lifting from GL2/_b to GSp4/^ 

To be precise, the relevant group is the algebraic group H over F, 
whose group of F-points is given by 

H{F) = GL2(F) X F^/{(2ld2,Norms/F2"^),2 e F^}. 

We have H = GS0(3, 1) /p (the identity component of G0(3, 1) /p). As 
before, vr is a cuspidal automorphic representation on GL2(Ae), whose 
central character is invariant under conjugation of E over F. In this 
case cJtt factors through the norm map Norm^/F, and there are exactly 
two choices of Hecke characters u of A^ through which uJt, factors, 
corresponding to extensions tt of vr to H{Af) = GS0(3, 1){Af). As in 
[HSTj . one can extend n to G0(3, 1){Af) by considering auxiliary data 
(choice of a suitable sign for each place of F). One can then consider the 
orthogonal-symplectic dual reductive pair (G0(3, 1)/^?, GSp4/p.), and 
hence construct the theta lifting of tt (more precisely an extension of 
TT to G0(3, l)(Ai?)) to GSp4(Air). It is proved by S. Takeda |Ta] 
(building on the work of Roberts [RJ) that the theta lifting is non- 
zero (when [HSTj was written, it was only known that given vr, there is 
a sufficiently ample infinite set of quadratic Hecke characters t] of A^ 
such that the theta lifting construction applied to tt (g) 77 is non-zero). 

On the other hand H is one of the elliptic e-twisted endoscopic 
group of GSp4/^ (here e is the quadratic idele class character of A^ 
corresponding to the quadratic extension E/F, hence a character of 
GSp4(Air) via the simihtude factor). In the work [C], the lifting of tt to 
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GSp4(Air) is constructed as a trace formula lifting in the framework of 
e- twisted endoscopy (at least under some local conditions on vr). In this 
paper, we will also deduce this lifting as a corollary of Arthur's work on 
endoscopic classification of automorphic representation on GSp4(Ai?). 

Organization of the paper. In section 2, we summarize the re- 
sults from Arthur's endoscopic classification of the discrete automor- 
phic spectrum |All IA2j that we need in the sequel. We also record a 
consequence of Arthur's results on base change of automorphic repre- 
sentation on GSp4 (which is already known to several authors earlier 

In section 3 we combine Arthur's work together with the result of 
Sorensen |So] . and Chenevier- Harris ^ChH j . to obatin results on ex- 
istence of Galois representation associated to cuspidal automorphic 
representation on GSp4(A^) of cohomological type, together with a 
local-global compatibility statement. The fact that Arthur's results 
imply such statements on Galois representation is well-known, but we 
record the statements here for reference. 

Section 4 is the main technical core of the paper. The goal is to 
construct the Galois representation associated to cuspidal automor- 
phic representation on GSp4(Air), whose archimdean components are 
in the holomorphic limit of discrete series. This uses the technique of 
p-adic deformation from [M]. We also prove a local-global compati- 
bility statement up to semi-simplification for the Galois representation 
constructed, using the idea of Chenevier [C], together with the results 
of Gan-Takeda [GTfl [UT2] and Chan-Gan [CO] . 

In section 5, we apply the results in section 4 to the construction 
of the Galois representation associated to a cuspidal automorphic rep- 
resentation on GL2(A£;) of cohomological type, whose central char- 
acter satisfies the invariance condition, by the method of |T2^ IBHj . 
We show that the lifting from GL2(A£;) to GSp4(Air) follows from 
Arthur's results. The local-global compatibility statement, up to semi- 
simplification, follows from the results of section 4, together with a 
generalization of the argument of jBHj . With this comes the proof of 
theorem 1.1 and 1.2. 
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Notation 1.4. 

In general if F is a number field, and v a prime of F (both finite 
and archimedean) , we denote by the completion of F at v. We 
denote by art^ : F^ Wp'^ the local reciprocity isomorphism at v, 
with Wf^ being the Weil group of F„. We generally denote by Prob.y a 
geometric Frobenius element at v, and art^ is normalized so that Frob^ 
corresponds to a uniformizer of F^. For w G Wp^, we denote by \w\v 
the absolute value of w induced by the normalized absolute value on 
Fy under art^. If F^ — R, then the isomorphism l^^** = is induced 
by sending z e C PFr = U C^j to \z\c '■— \z\'^ (thus z is the 
usual absolute value of a complex numebr), and j h- )■ —1. 

If V is finite and w G Wp^ , then valuation of w is defined to be the 
integer r such that |w|t, = Nv~'^, here Nv is the norm of v. 

We denote by the local Langlands correspondence for GL„(F^) 
associating n-dimensional Frobenius semi-simple Weil-Deligne repre- 
sentation of Wp^ to irreducible admissible representation of GL„(Ft,). 
We use the normalization as in the works of Harris- Taylor and Hen- 
niart. In this paper we need to use the local Langlands correspondence 
for GL„(F^) when n = 1, 2, 4. We denote each of these cases by as 
no confusion can arise. 

We denote hj Ap the ring of adeles of F, and by | • Iaj? the adelic 
norm. 

We denote by the absolute Galois group of any field L. li E/F 
is a Galois extension, with r G GaA{E / F) , then for any representation 
p of Ge, we denote by p"^ the conjugation of p by r, given by p'^{g) ~ 
Pi^gr'^) for g G Gp- 

If on the other hand E and F are local fields, and tt is an irreducible 
admissible representation of GL„(i?), then we define the irreducible 
admissible representation vr"^ := vror. One has similar definition in the 
adelic context when E and F are number fields. 

If p is any p-adic representation of (with F number field or local 
field), then for n G Z we denote by p{n) the Tate twist of p by the n-th 
power of the p-adic cyclotomic character. We employ the convention 
that the Hodge-Tate weight of the p-adic cyclotomic character is —1. 

In this paper, the symplectic similitude group GSp4 is defined with 
respect to the following skew-symmetric matrix: 
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2. Resume on Arthur's results on endoscopic 
classification of automorphic representation on gsp4 

For this section F will denote a general number field. For any prime 
V oi F (both finite and archimedean) , we denote by Fy the completion 
of F at V. 

2.1. Local L and A-parameters. We begin by discussing the local 
L and A-parameters which are needed to state Arthur's results. The 
reader is advised to refer to jAlj or chapter 1 of |A2] for the clear 
presentation. 

For each of the local completions we let Lp^ be the SL2 form of 
the the local Langlands group of F^. Thus if Wp^ is the Weil group of 
F^,, then 

J _ j Wp^ if V is archimedean 
~ \Wp^x SL2(C) otherwise. 

For a E Lp^, we denote by |cr|^ the absolute value of the image of a in 
Wp^. 

Let > 1 be an integer. Since we will be working with similitude 
groups, we consider the group Gn '■= GL^ x GLi, as an algebraic group 

over F, whose Langlands dual group can be taken as Gn = GLAr(C) x 

GLi(C). The dual group Gjv is equipped with the automorphism a, 
where ^ 

"((a;, y)) = {x* ■ y, y) for (x, y) e Gn- 
Here x* = {x~^y is (up to conjugacy) the unique outer automorphism 
of GL„(C). 

We denote by $^(A^) the set of admissible homomorphisms from Lp^ 
to Gn up to (jAT-conjugacy: 

(j) : Lp^ ^ Gn- 

Elements </> G $^(A^) are called L-parameters of Gn{Fv), and can be 
written in the form: 

where and x ^^e respectively and one dimensional representation 
of Lp^. Thus X is a character of Wp^, which will consequently be 
identified as a character of F^ via local class field theory, and is an 
L-parameter for GLN{Fy) (in the usual sense). 

When V is finite, so that Lp^ = Wp^ x SL2(C), and (j) : Lp^ ^ 
GLAr(C) as above, we denote by 0'^^ : Wp^ — )■ GLAr(C), the semi- simple 
part of 0, as the homomorphism: 
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(2.1) 0-(^) = 0(^, I 1^1'' 1/2 )) for^Giy^„ 



Now we enlarge the local Langlands group and form the group Lp^ x 
SL2(C) (when v is finite this extra SL2(C) is not to be confused with 
the SL2(C) occuring in the definition of LpJ). Denote by '^^{N) the 

set of admissible homomorphisms (again up to (jAr-conjugacy): 



^Z- : Lf„ X SL2(C) ^ G 



N 



such that '?/'|sL2{c) is algebraic. Again such a ip can be written in 
the form ip = ® Xi where if) is an iV- dimensional representation of 
Lp^ X SL2(C) such that V'|sl2(c) is algebraic, and x is a character of 
■ In the literature an A-parameter refers to such a homomorphism 

ip such that iplwp^ is bounded modulo the centre of Gat. As in |AltlA2] . 
since one do not yet know the generalized Ramanujan conjecture (for 
cuspidal automorphic representations on general linear groups), one 
has to work with this larger set \E'^(A^), and we will just refer to this as 

the set of A-parameters of Gn{Fv)- If € \E'+(A^) is trivial on SL2(C) 
(note that this is not the SL2(C) that occurs in the definition of Lp^ 
when V is finite), then by definition ip e ^y{N). 

Given an A-parameter = ?/' ©x, we denote by 0^ : Lp^ — )■ GL„(C) 
the homomorphism defined by 



(2.2) M^) = ^p(aA , ]) for a eLp^ 




For ip = ip®x as above, we will refer to 0^ := as the L-parameter 

associated to the A-parameter ip. 

We will be interested in the parameters (both L and A) that are 
stable under the automorphism a. Thus ii 'ip = ip ® x ^ then 

ip is a-stable if a o is conjugate to ip under G^v, or equivalently the 
representation: 

%p* ®X-<y^ ^(o-)* ■ X(o-) for a eLp^x SL2(C) 

is equivalent to ip itself, and we refer to this as saying that ip is X"Self 
dual. Similarly for (the simpler case of) $„(A^). 
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Let '?/' = ^/^ © X be an S-stable parameter. Thus tjj is x-self dual and 
there exists A e GL„(C) such that 

ijj* (g)X = A~^^A. 

We say that ip is symplectic (respectively orthogonal) type, if A*- = —A 
(respectively A* = A). 

We now specialize to the case = 4. Put G := GSp4 the alge- 
braic group over F given by the symplectic similitude group of a four 
dimensional symplectic vector space over F, and we denote by c the 
similitude character of GSp4. The Langlands dual group G of G is 
given by G = GSpin5(C), the similitude spin group in five variables. 
However, in this case we have the exceptional isomorphism: 

GSpin5(C) ^ GSp4(C) 

such that the standard four dimensional spin representation of GSpin5(C) 
corresponds to the standard representation of GSp4(C). We will used 
this identification in the sequel. We thus regard G as a subgroup of 
GL4(C), and hence we have the embedding 

G G4 = GL4(C) X GLi(C) 

In the context of |All IA2] the group G is a twisted (with respect to 
a) elliptic endoscopic group of G4 (note: in the context of [Alt IA2j it 
is "more correct" to think of G as the similitude spin group GSpiug^^; 
however since we have the exceptional isomorphsim GSp4/^ = GSpiug^p, 
it does not matter in this case). 

We similarly define ^v{G) to be the G-conjugacy classes of admissible 
homomorphisms (j) : Lp^ ^ G, and \E'jJ'(G) to be the G-conjugacy 
classes of admissible homomorphisms : Lp^ x SL2(C) — t- G whose 
restriction to SL2(C) is algebraic. These are the set of local L and 
A-parameters of G{F^) respectively. Given G $„(G), the composite 

of with the embedding G G4 gives a S-stable symplectic type 
parameter. In fact this identifies the set ^v{G) with the subset of 
(equivalence classes of) parameters in $i,(4) that are a-stable and of 
symplectic type |GT2j . Same remarks apply to \E'jJ"(G). 

Given G $t,(G), one can define the semi-simple part of 0'''^ of as 
in equation (2.1), and given ip G \Ef^(G) one defines the L-parameter 
0^ G $^(G) associated to -0 as in equation (2.2). 
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Finally for future reference, given G <I>^(G), we denote by the 
L-parameter of GL4(F„) obtained by composing with the inclusion 

G ^ GUiC). 

2.2. The local classification. Denote by HviG) the set of (isomor- 
phism classes) irreducible admissible representations of G{Fy). In this 
subsection we state Arthur's result on the classification of U^iG) in 
terms of the set of local L-parameters $^(G) and A-parameters \I'^(G'). 
Let ij e ^+(G'). Put 

= centralizer of the image of ^ in G. 

= S^/ S'^Z^G) 
We denote by the character group of 

Theorem 2.1. jSHES] 

Given any ip G there is a finite multi-set 11^ (i.e. a set with 

multiplicities) of elements ofH^ijG), together with a map 

— 

71 (-7- (^vr) 

which is characterized by (twisted) endoscopic transfer. 

In the particular case where ip = cj) E then is actually a 

set (i.e. with no multiplicities), and the map 

Tiff) —7- 

is injective, and and bijective when v is finite. We have 

u,{G)= l[ 

For G the set II,^ is called the L-packet associated to 0. 

Thus theorem 2.1 gives in particular a classification of U^iG) by parti- 
tioning Ilj,{G) into L-packets corresponding to the set of L-parameters 
and describes the elements in the L-packet corresponding to 
G in terms of the characters of the component group S^. In 

our case with G = GSp4/^, the groups 5^ are either trivial or isomor- 
phic to Z/2Z, so the size fo the L-packets II^ is either one or two. We 
refer the reader to chapter one of |A2] for the precise meaning that 
the packets n<^ and the map n<^ — )• iS^ being characterized by twisted 
endoscopic transfer. In the following we refer to this classification of 
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Ilv{G) as the local Langlands correspondence for and we denote 

as rec^ the (surjective) map 

sending tt G to 0. Under this correspondence, the central character 
of TT is equal to the similitude character of the parameter rect,(7r) (as 
usual identified via local class field theory). If v is archimedean then 
this coincides with the classification of Langlands (we remark that in 
[Alt [A2j the result of P. Mezo and Shelstad are needed to ensure this 
point). 

In our particular case with G = GSp4, another construction of the 
local Langlands correspondence for GSp4(Ft,) is given by the works of 
Gan-Takeda |GTH IGT2 ]. using the method of theta correspondence. 
In the work of Chan-Gan [CGJ, it is shown that the local Langlands cor- 
repondence for GSp4 constructed by Gan-Takeda coincides with that 
of Arthur, by showing that the L-packets constructed by Gan-Takeda 
satisfy the local character relations as in the case of the packets con- 
structed by Arthur. 

Finally, for ip G "^^{G), the multi-set 11^ (commonly called an A- 
packet in the literature) pertains to the global classification instead of 
the local classification, which we describe in the next subsection. We 
remark that the A-packet 11^ in general contains representations that 
belong to different L-packets (in the sense above). In the case where 
V is finite and ip is an unramified parameter, in the sense that for any 
u G SL2(C), the map ip{-,u) : Lp^ — )■ G is unramified (i.e. factors 
through the projection Lp^ Wp^ — )■ Wp^/ IpJ), then the fibre of the 
map — )■ over the trivial character is the unique spherical repre- 
sentation in this packet with L-parameter 0^ (having no multiplicities). 

2.3. Formal global parameters and the global classification. In 

the absence of the global automorphic Langlands group, we define a 
global y4-parameter formally ( |All IA2j ). We return momentarily to 
the setting of the group Gn = GLtv x GLi (over F). A global A- 
parameter for Gjq is formal expression ip = ip ® X) where x is an idele 
class character of A^, and -0 is a formal unordered sum: 

where each ip^ is a formal expression 

where Hr is a cuspidal automorphic representation of GLm^(Ai?), and 
is an algebraic representation of SL2(C) of dimension n^, such that 
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N — mini + • • -msns- If all the Ur are the trivial representation of 
SL2(C), then we say that is a generic parameter. If on the other 
hand s — 1, i.e. ip — /i^ u, then we say that ip is a simple parameter. 

We say that ip = ip (B x S-discrete if the ip^s are all distinct 
(that is, the pairs {fir,K) are distinct), and the cuspidal automorphic 
representations /ir are x-self dual, i.e. 

O (X o det) = iJr 

here fi* denotes the contra-gredient of fir (this is to mimic the definition 
of x-self duality for local parameters in the previous subsection; note 
that the finite dimensional representations of SL2(C) are all self- 
dual) . We denote the set of such a-discrete global A-parameters of Gn 
as *2,f(-/V)- 

In general, given a cuspidal automorphic representation n of GLn{Ap) 
that is x-sclf dual, i.e. satisfies /x* ® (x ° det) = jj,, we say that /j, is of 
symplectic type (respectively orthogonal type) with respect to x, if the 
twisted exterior square L-function L{s, /i, h? ® X~^) (respectively the 
twisted symmetric square L-function L(s, /x, Sym^ ®X~^)) ^ Pole 
s = 1. Under the condition that /i is X"Self dual, these two cases are 
mutually exclusive (here and in the following, by L-function we only 
need to work with the partial L-function defined by Euler factors out- 
side the set of primes where the data ramifies). Slightly more generally, 
for a formal expression /x Kl f , with //ax self-dual cuspdial automor- 
phic representation of GL^(Ai?), and v an algebraic representation of 
SL2(C) of dimension n, then we say that Kl is of symplectic type 
with respect to Xi if either n is odd and // is of symplectic type with 
respect to Xj or n is even and /i is of orthogonal type with respect to 
X (noting that an algebraic representation of SL2(C) of dimension n 
is symplectic if n is even and orthogonal if n is odd). One similarly 
defines the condition for // Kl v to be of orthogonal type, namely that 
either n is odd and is of orthogonal type with respect to Xi or ^ is 
even and fi is of symplectic type with respect to x- 

Then given ip = ip ® X ^ ^2,f(^)i with ip = ipi'^ ■ ■ ■'^ipg as above, 
we define ip to be of symplectic type, if all the ip^ are of symplectic 
type with respect to x- One can similarly define the condition for to 
be of orthogonal type. 

We now specialize to the case = 4. With G = GSp4/^ as before, 
we define '^2,f{G) to be the subset of ^2.f(4) consisting of global A- 
parameters of G4 of symplectic type, and by ^'2,f(G, x) C ^'2,f(G) the 
subset of parameters with similitude character x (if the context is clear 
we will then denote a general element of ^2,f{G,x) ^ '0 rather than 
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ip). Given i/j = ip Q) x ^ '^2,f{G,x), one can define the component 
group formally: if ip = ipi S ■ ■ ■ S tp^, then = Z/2^^^Z (again in 
our case where G = GSp4 the value of s is actually either 1 or 2). 

A parameter ip = ip Q) x ^ ^2,f(G', x) has a localization ipy G ^^^(4) 
for each place v of F. Indeed if ip = tpiS- ■ - Sipg, with ip^ = fir^ K as 
above, the local u-component {fj.r)v of /i^ is an irreducible admissible 
representation of GLmr{Fy) that is self dual with respect to Xv- De- 
note by Cv{{fir)v) the L-parameter corresponding to {fir)v under the 
local Langlands correspondence for GLm,^{Fy). We then define the local 
parameter ip^ (as an honest representation of Lp^ x SL2(C)): 

^„ = £^((/il) J K Z/i © ■ ■ ■ © Cy{{fis)v) K J^s- 

i>v = A®Xv 

One then has ipy G \E'^(4). One has ip^ G $t)(4) if ip is generic. 

In [MIIMI it is shown that if ^ G ^2(G', x), then ip^ G ^+(G). Sim- 
ilarly if ip is generic then ipy G $t,(G'). One can also define localization 
map on the component groups 

<Sip — )■ 
s I y Sy 

Given ip G '^2,f{G, x), we then define the global packet 11^ associated 
to ip as: 

= ©;n^„ 

= {vr = ©^vr^l Tiy G for all v, (■, vr^,) = 1 for almost all v} 

(as in the local case if ip is not generic, then 11^ is to be regarded as 
a multi-set). If vr G 11^, then vr defines the character (^vr) on via 
s I—)- {sy, Tiy) for s G iS^. 

We can now state Arthur's global classification of the discrete au- 
tomorphic spectrum in the particular case of G = GSp4. Denote by 
^disciG{F)\G{AF),x) the discrete spectrum of the space of (essen- 
tially) square-integrable functions on G{F)\G{Ap) with central char- 
acter X- 

Theorem 2.2. We have a decomposition (as module over the Hecke 
algebra of G{Af) ): 

LI^,{G{F)\G{Af),x) = 0,^^ ,0 .en, vr 

here is a cerain sign character of defined in terms of symplectic 
root numbers (which is trivial if ip is a generic parameter). 
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In particular, if ip & '$2,f{G, x) is a simple generic parameter, then 
both and are trivial, and so all the elements in the global packet 
occur in L'^^^^{G{F)\G{Ap), x)- For our purpose we will be mainly- 
interested in the cuspidal subspace Ll^^p{G{F)\G{Ap),x)- When ip is 
a simple generic parameter, then the representations occuring in 11^ 
are cuspidal. 

In the case of G = GSp4, we refer to |A1] for a list of the possible 
types of parameters ip. The only case where is non-trivial is the 
Saito-Kurokawa type. 

We now draw a corollary from Arthur's classification theorem 2.2 
which will be needed in section 4, on base change of automorphic rep- 
resentations on GSp4(Ai?). Such a result is already noted by Shahidi 
(S2] and Soudry |Sou2] before. 

Proposition 2.3. Let ip G '^2,f{G,x) be a simple generic parameter 
corresponding to a x-^^V dual cuspidal automorphic representation fi 
on GL4(Ai7'). Suppose that F'/F is a cyclic extension. Assume that 
the Arthur-Clozel base change jAC] /x' of fi to GL^i^Ap') is cuspidal. 
Then fi' defines a simple generic parameter ip' G '$2,f'{G,x') (here 
X' = x° Np,/p). 

Proof. The base change lift /i' of exists by the main result of Arthur- 
Clozel |ACj . which under assumption is a cuspidal automorphic repre- 
sentation on GL4(Ai;'/). That /i' is self dual with respect to x' follows 
easily from the x-self-duality of /i (for example using strong multiplic- 
ity one and the relation between the Satake parameters of /i and /i' 
at the spherical places). All we need to check is that /i' is of sym- 
plectic type with respect to x'j i-e. that the twisted exterior square 
L-function L(s,/x', A^ ® has a pole at s = 1. However we have 

the factorization: denoting Cpi/p := Ap/F^ Np'/pAp,, we have 

L{s,^,',A'®{xr')= n L{s,f,,A'®{x-'-v)- 

The term with rj being trivial contributes a pole at s = 1, while for the 
other terms, the main result of [S2] asserts that, since /i is cuspidal, 
the twisted exterior square L-function L{s, fi, A^ (g) {x^^ " v) is non-zero 
at s = 1. This concludes the result. □ 

Remark 2.4. 

By |ACj the condition for /i' to be cuspidal is that 

(2.3) ^®{rjo det) ^ /i 

for any non-trivial character rj of Cp/jp. 
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3. Galois Representations associated to cusp forms on 
GSp4(Af) of cohomological type 

For the rest of the paper, F will denote a totally real number field. In 
this section we state the result on Galois representations associated to 
cuspidal automorphic representations on GSp4(Aj?) of cohomological 
type that is needed for the constructions in section 4. 



3.1. Archimedean L-parameters. We begin by defining some archimedean 

L-parameters. Recall that Lc = Wc = C^, and Lr = — 
U C^j, with = —1, and j-zj"^ = ^ for 2; G C^. 
We first begin with the case of GL2(R) and GL2(C). For integers 
n with n > and n = w mod 2, define 



W^W^R ^ GL2(C) 

[z/z)- 



(3.1) z ^ \z\---[ , ) for^eC> 



3 ^ 



+1 

(-ir 



When n>l The L-parameter „ corresponds to the (essentially) 
discrete series representation of GL2(R) with central character a i-> 
a""', and are cohomological representations. The case n = corre- 
sponds to the limit of discrete series representation (up to twist). 

For GL2(C) one defines the parameters (p^^n '■ GL2(C) (again 

with n = w-\-l mod 2) by the same formula 



z \z\ 



{z/zY''' 

(^/z)-"/2 



When n > 1, the parameter „ corresponds to an irreducible ad- 
missible represention of GL2(C) which is cohomological (there are no 
discrete series representations for GL2(C)). 

Now we come back to GSp4(R). Let w, mi, m2 be integers such that 
mi > m2 > and mi -|- m2 = tf -|- 1 mod 2. We denote by 4>{w;mi,m2) 
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the L-parameter given by 
(3.2) 

/ (^/^)(mi+m2)/2 



-MO 



(z/z) 



y\-{m\-m2)/2 



\ 

for zeC 



{z/z) 



-y:\—{mi+m2)/2 



and 
(3.3) 



(w\m\,m2 



){J) 



\ (-1)-+^ 



+ 1 



+ 1 \ 



The image of ( 



(w;mi ,m2 



) hes in G = GSp4(C), with simihtude charac- 
ter given by the character z i— )■ \z\q^ = Iz]'"^^, and j' i— )■ (— 1)"'. It thus 
defining an element of $^((7). The archimedean L-packet of GSp4(R) 
corresponding to 4>{w;mi,m2) has two elements 



(3.4) 



( W H 

\" {w;mi,m2)'> {w;mi ,m2) f 



whose central character is given by a i-> a for a e . 

The representation tt^^.^^ is the generic representation in the 
packet (with W stands for Whittaker), while t''^.^^ is the non- 
generic one. When m2 > 1, both tt 



w 



TT 

(ui;mi,m2)' (w;mi,m2) 



H 



are up to twist 



belong to the discrete series of GSp4(R) and are cohomological rep- 
resentations, with ttF.^ _ ^ the generic discrete series and tt^,.^ ^ n 

' (w,mi,m2) o (w;mi,m2) 

in the holomorphic discrete series (hence the superscript H). When 
7712 = the representations tt^^.^^ o)' "^^ mi o) belong to the generic limit 
of discrete series, and holomorphic limit of discrete series respectively 
(again up to twist). These constitute up to twist the non-degenerate 
limit of discrete series of GSp4(R). 

In the holomorphic case it is common to introduce the Blattner pa- 
rameter: 



(3.5) 



ki ^ nil + 1, k2^m2 + 2 



thus ki > k2 > 2 and the cohomological condition corresponds to 
^2 > 3. The parameter {ki^k-i) corresponds to the minimal X-type of 
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the representation tt^^.^^ (here K = U{2) is the maxiaml compact 
subgroup of GSp4(R)), given by the representation 

3.2. Results on Galois representations. For the rest of this section 
n will denote a cuspidal automorphic representation of GSp4(Ai;') with 
central character x- We make the following hypotheses on 11: there 
is an integer w E Z, such that for all archimedean place v of F, the 
component of x at f is given by x^, : a — ?> a^"". Assume that for any such 
V, the component 11^ is a (essentially) discrete series belonging to the 
L-packet defined by the parameter (f>{w;mi,y,m2.v) with mi^y > m2,v > 1 
and w + 1 = mi.y + m2,u mod 2. 

In this subsection wc state the result on Galois representation asso- 
ciated to n. The key case is when 11 belongs to a global simple generic 
parameter, so we begin with this case. 

Theorem 3.1. Suppose that 11 belongs to simple generic parameter. 
Then for each prime p, there exists a continuous semi-simple Galois 
representation 

Rp : Gp — > GL4(Qp) 

which is unramified outside the primes of F dividing p and where H 
is not spherical, and satisfy the local-global compatibility condition at 
primes away from p: for any prime v of F not dividing p, we have 

LpW-DiRplcj'"'' = A;.rec,„(n, ® \c\f/^). 

Furthermore at each place v of F dividing p, the representation Rp is 
deRham. If we identify the embeddings F ^ with the archimedean 
places of F via ip = C, then the Hodge-Tate weights at the embed- 
ding corresponding to v\oo are given by 

(3.6) {5y, + m2,v, Sv + mi^v, + "^i,^ + m2,„} 

where 5^ — ^{w + 3 — mi,^ — m2,v)- U^v is spherical at v\p then Rp is 
crystalline at v. Furthermore, denoting by P]?"y(X) the inverse charac- 
teristic polynomial for the crystalline Frobenius on the crystalline rep- 
resentation Rplopv ) ^''^^ Qu,v the inverse characteristic polynomial of 
the geometric Frobenius on the unramified Weil-Deligne representation 
k*TeCv{Tlv <8) |c|^7^^^); we have the equality 

p^^::{x) = QuAx). 

In the above we recall that if is a L-parameter of G{Fy), then we 
denote by k^,(f) the L-parameter of GL4(F„) obtained by composing (f) 
with the inclusion G ^ GL4(C). 
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Remark 3.2. 

Here we are identifying an L-parameter (j) : Lp^ = Wp^ x SL2(C) — )■ 
GL„(C) with the corresponding Frobenius semi-simple Weil-Dehgne 
representation in the usual way: corresponding to is the Weil-Deligne 
representation (r, A^), where r, the semi-simple part of the Weil-Deligne 
representation, is given by the semisimple part 0*'^ of as in equation 



Proof. This theorem is essentially proved in [So] , except that when [So] 
was written, the results of Arthur |A2j and that of jChHj were not yet 
available, so extraneous hypotheses on vr was made in loc. cit. So we 
just indicate a few main points: 

1. In [So] n is assumed to be globally generic in order to apply 
the results of Jacquet-Piateski-Shapiro-Shalika and Asgari-Shahidi |AS] 
in order to lift 11 to an automorphic representation 11' on GL^IAf) 
(assumed to be cuspidal). In our case, in the context of Arthur's global 
classification theorem, this assumption is not needed, and by definition 
the lifting 11' is given by the global parameter classifying 11. 

2. In ^o] the local Langlands correspondence for GSp4 as con- 
structed by Gan-Takeda jGTlt IGT2j was used for the local-global com- 
patibility statement, and where the following fact is used |GT2j : when 
n is globally generic the lifiting 11 — )■ 11' (wiht 11' being cuspidal) is com- 
patible with the local Langlands correspondence for GSp4 constructed 
by Gan-Takeda, and the local Langlands correspondence for GL4, at all 
places. Again in our case in the formalism of Arthur's classification this 
is tautological, provided we use the local Langlands correspondence for 
GSp4 as constructed by Arthur in the context of the local classification 
theorem (of course in any case by the main result of of Chan-Gan |GGj 
these two gives the same local Langlands correspondence for GSP4). 

3. The Galois representation Rp associated to 11 is by definition the 
Galois representation associated to 11'. The arguments of |So] con- 
structs the latter if we use the result of |ChH] in the arguement of [So] . 
The part of the local-global compatibility statement concerning the 
monodromy operator in |ChH] is completed in the work of A. Caraiani 
[Car] . while the assertion on the equality of the crystalline Frobenius 



(2.1), i.e. 




for g G Wp^n and the monodromy operator is given by 
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polynomial and the Hecke polynomial when 11 is spherical at v\p is 
proved in [Chj □ 

Remark 3.3. 

1. As in [Soj a Baire category argument shows that the image oi Gp 
lies in GL4(L) for some finite extension L of Qp. 

2. For the applications in section 4 we only need to local-global 
compatibility statement up to semi-simplification, i.e. we do not need 
the result of [Car] on monodromy in the compatibility statement. 

3. The main theorem of Bellaiche-Chenevier [BC2j gives the result 
that the image of Pp lies in GSp4(Qp). For our purpose we do not need 
this more precise result. 

4. At primes of F dividing p the local-global compatibility state- 
ment up to semi-simplification is now known |BLGGTj . and the full 
compatibility is known in many cases. 

5. The irreducibility of Rp is now known by Calegari-Gee |CaGj . 

For completeness we state the result for Galois representations when 
the parameter classifying vr is not of simple generic type. This es- 
sentially reduces to the Galois representation associated to cuspidal 
automorphic representations on GL2(Ai?) of cohomological type, i.e. 
to Galois representations associated to Hilbert modular forms. 

We first consider the case where the parameter classifying 11 is still 
generic but not of simple type (i.e. endoscopic type). In this case the 
parameter ip = ip ® x classifying 11 has the form ip = /ii ffl /i2, where 
/ii, /i2 are distinct cuspidal automorphic representations of GL2(Ai?) 
with central character x- |A1] it is called a parameter of Yoshida 
type. We can arrange /xi, p2 so that at any archimedean place v of 
F, the L-parameter of pi at v is given by 0(«,;mi,„+m2.„)) while that of 
/i2 is given by (t>{w;mi^^-m2.v) (both are discrete series parameters since 
mi^^ > m2^v > !)• 

It follows that both /ii and ^2 are of cohomological type, and hence 
we can associate Galois representations 

: Gf GL2(Qp) 

for i = 1,2, such that for any prime f of F not dividing p, we have the 
local-global compatibility statement: 

(3.7) ipWB{ppjG,y-'' = C^^v ® I det 

The Galois representations p^-^p are deRham at all places of f of F 
above p, and crystalline at v if pi is spherical at v (in this case of 
Yoshida type packet we have 11^ being spherical if and only if both 
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fii and fi2 are spherical at v). The Hodge- Tate weights of /ii at an 
embedding of F into that corresponds to an archimedean place v 
of F (under : = C) is given by: 

(3.8) {7v,lv + mi^^ + m2,v} 

where 7^ = |(w + 1 — (mi + m2,t,)). For /i2 the Hodge- Tate weights 
are given by 

(3.9) {1^,11 + ^1^^-1712,^} 

with 7^ = i(w + 1 — (mi^i; — m2,t,)). It follows that if we define the 
Galois representation associated to H to be 

(3.10) Rp := p^,,pi-l) ® p^,,pi-l) 

then all the assertions in theorem 3.1 hold for Rp in this case also (that 
the Hodge- Tate weights of Rp is also given by (3.6) follows easily from 
(3.8) and (3.9)). 

Finally we treat the case where the parameter = x is not 
generic. In our case H is cuspidal. So if H belongs to the packet whose 
parameter is not generic, then H is a CAP representation, which were 
classified by Soudry |Soulj . In our case where we assume that H is 
of cohomological type, the only possibility that can occur is the case 
where the parameter classifying H is of Saito-Kurokawa type, where ip 
is of the form 

ij = i2axMv{2) 

here /x is a cuspidal automorphic representation of GL2(Air) with cen- 
tral character x, and A an idele class character of satisfying x = A^, 
and f (2) is the algebraic representation of SL2(C) of dimension 2 |Alj . 
Note that for any finite place v of F, the local L-parameter of 
G{F^) associated to ipv is given by (as in equation (2.2)): 

(3.11) 0^,„(a) = CMia) © K{a)\a\l/^ © X,ia)\a\~'/^ 
for cr G Lf^. 

In our case where H is cohomological the archimedean L-parameter 
has to be in specific form: more precisely one must have 

(3.12) mi,^-m2,^ = l. 

In particular since we have the condition w + 1 = mi^y + m2,„ mod 2 
we see that w has to be even, and hence the idele class character A is an 
algebraic idele class character, and fi is of cohomological type, namely 
that for each archimedean place v of F, the L-parameer of /x„ is given 
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by 4>(w;mi,y+m2,v) = 4>{w;2mi,^-i)- We define the Galois representation Rp 
associated to 11 to be 

(3.13) Rp := p,,p{-l) © i(-l) © i(-2) 

here A^ is the p-adic Galois character of associated to the algebraic 
idele class character A. 

In the case where the parameter is not generic, then in general one 
does not have the full local-global compatibility statement, but only 
local-global compatibility up to semi-simplification: for any finite prime 
V of F not dividing p, we have 

(3.14) LpWDiRplcJ'^ = A;,rec,(n, © |c|;3/2)-. 

Indeed recall from section 2.2 that when we have a local A-parameter 
ipy, then in general the local A-packet corresponding to ipy will contain 
representations that belong to different L-packets. However, we still 
have: 

Proposition 3.4. Suppose ip is a global formal parameter of Saito- 
Kurokawa type. For each finite prime v, let ipy be the local A-parameter 
of GSp 4^{Fy) given by the localization of ip at v. Denote as before by 
the local A-packet classified by ipy Then the semi-simple part of 
the L-parameters of the representations in the A-packet Ily,^ have the 
same semi-simple part as that of . 

Proof. See Appendix. □ 
Hence by (3.11) and proposition 3.4, we have 

(3.15) k,Tecy{ny®\c\-;^'y 

^ chilly ® I det © Cy{\ ■ I det 1;^) © Cy{\ ■ I det 1;^). 

Prom this we see that (3.14) follows from the local-global compati- 
bility statement for p^^p (as in (3.7)). 

If n is spherical at v, then both ji and A are spherical at f, so Rp is 
clearly crystalline at v in this case. Finally one sees again (using (3.12)) 
that the Hodge- Tate weights are again given by (3.6) (noting that the 
Hodge- Tate weight of A at the embedding of F into corresponding 
to any archimedean place f of F is given by w/2, while the Hodge-Tate 
weights of pn^p is given by the same formula as in (3.8)). 

We summarize the discussion of this section as: 

Theorem 3.5. Suppose that H is a cuspidal automorphic representa- 
tion on GSp4(Af) satisfying the hypotheses in the beginning of section 
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3.2. Then for each prime p, there exists a continuous semi-simple Ga- 
lois representation 

which is unramified outside the primes of F dividing p and where H is 
not spherical, and satisfy the local-global compatibility condition, up to 
semi-simplification, at primes away from p: for any prime v of F not 
dividing p, we have 

If in addition 11 is classified by a global generic parameter (i.e. 11 is not 
a CAP representation) , then we have the full local-global compatibility: 

Furthermore at each place v of F dividing p, the representation Rp is 
dcRham. If we identify the embeddings F Qp with the archimedean 
places of F via ip = C, then the Hodge-Tate weights at the embed- 
ding corresponding to v\oo are given by 

(3.16) {(5^, 5^ + m2,t,, 5^ + mi^^, 5^ + + m2,v} 

where 5^ = ^{w + 3 — rrii^y — m2^v)- If^v is spherical at v\p then Rp is 
crystalline at v. Furthermore, denoting by P^^^{X) the inverse charac- 
teristic polynomial for the crystalline Frobenius on the crystalline rep- 
resentation Rplop^ ? ^''^^ Qn,v the inverse characteristic polynomial of 
the geometric Frobenius on the unramified Weil-Deligne representation 
A;*reCi,(n^, |c|,;^''^), we have the equality 

4. The case of holomorphic limit of discrete series 

As in the previous section 11 is a cuspidal automorphic representa- 
tion on GSp4(Af), with central character x- As before we assume that 
there is an integer w such that for any archimedean place ^; of F, the 
local component of x is given hy Xv '■ ci ^ cT^ ■ In this section we as- 
sume that the local components 11^, of 11 at all f |oo are given by either 
holomorphic discrete series or the holomorphic limit of discrete series, 
belonging to the L-parameter 0{«,,mi,„,m2,„)) where mi,„ > m2,v > and 
w -\-l = mi^v -\- m2,v mod 2 for all f |oo. In particular it can be repre- 
sented (up to twist) as a holomorphic Siegel-Hilbert modular form with 
Blattner parameter {ki^v,k2,v) where /ci,^ = mi,^ -|- l,k2,v = 'm'2,v + 2, 
for any v\oo (see equation (3.5)). For the applications in section 5 we 
are mainly interested in the case where Uy belongs to the holomorphic 
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limit of discrete series for all f |oo. The goal of this section is to con- 
struct the four dimensional p-adic Galois representation associated to 
n, using idea similar to |ChH] . and to prove a local-global compatibility 
statement up to semi-simplification, using the technique of p-adic de- 
formation and the results on Galois representation associated to forms 
of cohomologial type from section 3. 

Remark 4.1. 

A usual Cebotarev density and Brauer-Nesbitt argument shows that 
the semi-simple p-adic Galois representation associated to 11 depends 
only on the the global packet to which 11 belongs. In particular the re- 
sults of this section apply to 11 whose archimedean components belong 
to a non-degenerate limit of discrete series (i.e. generic or holomor- 
phic), as long as the packet containing 11 contains a representation 
that is a holomorphic limit of discrete series or holomorphic discrete 
series at all v|oo. This will be the case for example when IT is classified 
by a simple generic parameter (which is the case in section 5). 



First we make 

Hypothesis 4.2. 

The representation 11 has Iwahori fixed vectors at all primes of F 
above p with respect to the standard Iwahori subgroup J„ C GiOpJ) = 
GSp4(O^J. 



Here the Iwahori subgroup is defined with respect to the standard 
Borel subgroup of GSp4. If 11 satisfies hypothesis 4.2 then in particular 
n satisfies the finite slope condition [M] at all primes of F above p. 

We need the following result from [M], which is a generalization of 
the result of Kisin-Lai [KLj to the Siegel-Hilbert case. To state the 
result we need some notations. For each finite v denote by "W^^ the 
spherical Hecke algebra of G{Fy) = GSp4(F^) with coefficients in Z, 
defined with respect to the hyperspecial maximal compact subgroups 
= GSp4(Ci7'„). Choose a local uniformizer vj^ of Opy at each finite 
V. Define the following elements Ty, Sv,Ry G Tif^ for each finite v {c.f. 
p.316 of m]): 
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T 



( 1 



So, 



K, 



Rv 



( 1 



V 



Wy j 

\ 



K, + {1- Nv^)Sy 



J 



We also denote by Sp the set of primes of F above p, and 



with l-iy the full Hecke algebra of GSp4(F^) with coefficients in Q. Put 
W := ®;^,^7^.. 

Denote by S" a finite set of primes of F outside of which 11 is spherical. 
Put ?{«ph.5.P = ^'^^syjsW^"^. We have the natural inclusion T^^p^.^-p c 
W (elements of the former embed into the latter whose components at 
V G S\Sp are given by the identity element of 'H^J'^). 

We now state the result on p-adic deformation. We remark that the 
method of proof as well as the validity of the conclusion relies crucially 
on the assumption that 11 is of holomorphic type instead of being of 
generic type at the archimedean places. 

Theorem 4.3. ([M\) Under hypothesis 4-2 on U, there is a one dimen- 
sional rigid analytic affinoid disk D C A^^ defined over some finite 
extension L of Qp centered at the origin E D, a ring homomorphism 

(4.2) P : ?/«pi>'^'P ^ 0{D) 

and a Zariski dense subset Z C D{L) accumulating at E D, with the 
points t G D{L) corresponding to integers; identifying Z as a subset of 
the integers one has E Z and Z C N. Furthermore, there exists a 
positive integer Hq, satisfying the following conditions: 



1. /3(H^pi>'^'P) C 0{D)^^. Here 0{D)^^ 
elements with norm bounded by one. 



C 0{D) is the subring of 



2. For each t G Z, there is a cuspidal automorphic representation 
Hit) on GSp4(A^), with 11(0) = 11, such that Hit) is spherical outside 
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S U Sp and whose archimedean components n(t)„ at an archimedean 
place vofFis given by T^f^(t);m^,,{t),m2At))- ^^^^ 

w{t) =w + 2{p-l)-ho-t 

mi^^(t) = mi_^ + (p-l) ■ ho-t, m2,v{t) = ma,^, + {p - 1) ■ ho ■ t 

the central character o/n(t) is given by x{t)> such that for any archimedean 
place V of F, we have xi^)v ■ — ?■ a^^^^K Thus it is a "parallel weight" 
deformation. 

3. Define the polynomial Q^{X) e W^^[X]: 

(4.3) Q,{X) 

= 1 - T^X + {NvR^ + 2Nv^S^)X^ - Nv^T^S^X^ + Nv^S'^X\ 

Then for each t E Z (in particular including t = where n(0) = 11), 
and each v ^ SUSp we have, denoting by evt : 0{D) — )■ L the evaluation 
map at t, the following: 

(4.4) evt,,/3Mv[X] = i;'Q,,t[X] 

where Qy^t[X] is the inverse characteristic polynomial of the unramified 
Weil-Deligne representation rect,(n(t)t,(g)|c|^^^^) evaluated at the geo- 
metric Frobenius element Frob^ atv (in other words Qy^tiNv^^^^^^'^^)^^ 
is the standard local L-f actor for n(t) with respect to the standard rep- 
resentation of G = GSp4(C) at the spherical place v). 

We remark that in the context of theorem 4.3, the points t E Z 
corresponds in addition to the system of Hecke eigenvalues a choice 
of refinement data for Il{t)y at primes f of F dividing p. Since this 
extra data plays no role in the construction of the Galois representation 
associated to 11 below, it is suppressed in the statement of the theorem 
above. 

We now apply theorem 4.3 to the construction of the Galois repre- 
sentation associated to 11 when hypothesis 4.2 is satisfied. We refer to 
section 1 of [TlJ or chapter 1 of |BC1] for the notion and basic prop- 
erty of pseudo-character (a brief discussion follows after the proof of 
theorem 4.4 below). 

Theorem 4.4. There is a continuous pseudo-character 



(4.5) 



T : Gf,s,p -> OiD)^ 
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of dimension A, with Gf,s,p being the Galois group of the maximal exten- 
sion of F unramified outside SUSp, such that for any prime v ^ SUSp, 
we have 

(4.6) r(FYob,) = /3{n) 

(the dimension of a pseudo- character is simply the value of the pseudo- 
character at the identity element). 

Proof. The proof is a standard application of the theory of pseudo- 
characters and the results of section 3, but we include it for the conve- 
nience of the reader. 

Let g e Gf,s,p- By the Cebotarev density theorem, we can fix a 
sequence of finite primes of F, namely {vn}n>i with Vn ^ S U Sp for all 
n, such that lim„_j,oo Frob^„ — g in the Krull topology of Gf,s,p (here 
Frob^,,^ denotes a particular element in its geometric Frobenius conju- 
gacy class at the prime Vn). Consider the set of elements {PiT^n)}n>i C 
0{D)-^. By the compactness of 0{D)-^, we can choose a subsequence 
{?T'A;}fe>i, such that limfc_^oo /5(Ti;„^) converges in 0{D)-^. We then de- 
fine tentatively that 

T(^):= hm /3(r„„J. 

fe— ^oo " 

We verify that the value T{g) does not depend on the choice of the sub- 
sequence {nk}k>i- Indeed, suppose that {n'f.}k>i is another such subse- 
quence. For any t & Z with t 7^ 0, denote by Rt^p : Gf,s,p GL^IQ^) 
the Galois representation associated to the cuspidal automorphic rep- 
resentation n(t) (which is of cohomological type) as in the previous 
section. Then by equation (4.3), (4.4) and the results of section 3, we 
have in particular for v ^ S U Sp'. 

(4.7) tiRt^piFioK) = evt{P{T^)). 
Hence by the continuity of Rt,p: 

lim evt{P{T^ )) = lim tri?t,p(Frob„ ) = tr Rt,p{g) 

k-^oo " re— J-oo " 

and similarly 

lim evt{P{% )) = lim tr i?t,j,(Prob^ ) = i^RtM- 

k^OD "fc fc— >-oo "fc 

Hence (using the continuity of the evaluation map evt) we see that the 
two elements oi 0{D)-^: 

hm evt (/3 (T^ ) ) , lim evt (/3 (T^^, ) ) 

fc— >oo fc— s-oo k 

have the same value when evaluated at any element t E Z with t 7^ 0. 
By Zariski density of ^\{0} in D, we conclude that these two elements 
must be equal. Next we prove that T is continuous. Indeed, suppose 
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that {gm}m>i C Gf,s,p is a sequence of elements converging to g in the 
KruU topology. Then again for any t E Z with t 7^ 0, then as we have 
seen above 

(4.8) evtiT{g))=tTRt,pig) 
and similarly 

evt{T{gm)) = tiRt,p{gm)- 
Hence by continuity of Rt^p again we have 

lim evt{T{gm)) = evt{T{g)) 

and hence by Zariski density argument again Yrnim^ooT^gm) = T{g). 

Finally to show that T is a pseudo-character (of dimension 4) we need 
to show that T satisfies the pseudo-character identities (c./. section 
1.1 of [Tij; also see below). Now the function tr Rt^p : Gf,s,p Qp, 
being the trace of a representation, is a pseudo-character of dimension 4 
and hence satisfies the pseudo-character identities. Hence by (4.8) and 
Zariski density argument again T also satisfies the pseudo-character 
identities. □ 

We can also do slightly better. For this we need some notation (c./. 
section 1.2.1-1.2.2 of |BC1] ). In general if T : G ^ A is a. function on 
a group G (topological or otherwise) with values in some Q-algebra A, 
which is central (i.e. T{xy) = T[yx) for all x,y E G), define, for each 
integer k > 0, the function: 

SkiT) -.G'^^A 

aeSk 

(with the convention Sq{T) = 1). Here Sk is the symmetric group in 
k letters, and e(cr) for a E Sk is the sign of this permutation. The 
function T'^ : G^ ^ A is defined as follows. Let x = {xi, ■ ■ ■ , x^) € G^. 
If 0" is a cycle, say a = (ji, ■ ■ ■ ,jm), then set T'^(x) = T{xj^ ■ ■ -Xj^) 
(well-defined by the central property). In general if a = (Xi ■ ■ ■ 0"^ is the 
cycle decomposition of a (including the cycles with 1 element) then we 
set T{x) = ni=i^'^'(^) (i^ particular Si(T) = T). 

Then the identities defining T to be a pseudo-character of dimension 
m are: 

1. T{xy) = T{yx) for all x,y E G. 

2. T(e) = m, where e is the identity element of G. 

3. S^+i{T){x) = for all x E G""+^ 
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We need the following result (c./. loc. cit.): if p : G — )■ GLm(A) is a 
representation, then 

(4.9) l^S>^(T)ig, ■■■,g)= tr(AV)(^7) for all g G G. 

Recall the elements T„, S^, Rv G 'H^J'^ as in equation (4.1). 

Proposition 4.5. With T the pseudo- character as in theorem 4-4- ^or 
any finite prime v ^ S U Sp we have the identities: 

(3{%) = 5i(T)(Frok) 
l3{NvR, + 2Nv''S,) = ^52(r)(Frob,,Frob,) 

PiNv'T^S,) = ^53(T)(Frob„,Frob,,FroK) 

(3{Nv'Sl) = ^54(T)(Frob,,Frob,,Frob,,Frob„) 



Proof. Same Zariski density argument as in proof of theorem 4.4 using 
equation (4.4) and (4.9). □ 

Theorem 4.6. As before hypothesis 4-2 is in force. There is a contin- 
uous semi-simple p-adic Galois representation 

(4.10) Rp:GF,s,p^GU(Qj,) 
such that for any prime v ^ S U Sp, we have 

(4.11) P.(X) = l;'Q,{X) 

where Qv{X) is as in part 3 of theorem 4-3 above with t = 0, i.e. 
the inverse characteristic polynomial of the unramified Weil-Deligne 
representation A;^.reCt,(n^ ® |c|^^''^) evaluated at Frob„, and Pv{X) is 
the inverse characteristic polynomial of Rp{Fioh^). 

Proof. Denote by Tq := cvq^^T the L- valued pseudo-character of Gf,s,p 
of dimension 4 obtained by composing T with cvq. By Taylor's theo- 
rem (theorem 1 of |T1] ) there exists a unique continuous semi-simple 
representation 

Rp '■ Gf,s,p GL4(Q ) 



such that To = tr R, 
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Hence by equation (4.9) for any g G Gf,s,p- 
(4.12) 

k=0 
4 

= Y.{-l)HTiA'R,){g)X' = det(J4 - Rp{g)X). 

k=0 

In particular this holds for g = Frob^,. We thus obtain the result by 
using proposition 4.5 and equation (4.4) (with t = 0). □ 

As usual Cebotarev density and the theorem of Brauer-Nesbitt im- 
plies that equation (4.11) characterizes the continuous semi-simple p- 
adic Galois representation Rp associated to 11. 

We now prove a local-global compatibility statement, up to semi- 
simplification, for the Galois representation Rp asociated to 11, by gen- 
eralizing an argument of Chenevier |Chj to the setting of GSp4. Again 
hypothesis 4.2 is in force. 

Thus let V be any finite prime of F not dividing p. Let By be the 
Bernstein component of G{Fy) = GSp^^^F^) to which the irreducible 
admissible representation 11^ belongs. The Bernstein component is 
indexed by (M, a), where M is a Levi subgroup of G, and a is a su- 
percuspidal representation of M{Fy) (which we take as a base point of 
By). We can choose a finite extension E of Q such that the Bernstein 
component By is defined over E. 

Denote by ^y = E[By] the affine coordinate ring of By over E, the 
Bernstein centre of By. We can identify ^y as a commutative subalgebra 
of Hy ®Q E. For any irreducible vr belonging to By, we denote by z{n) 
the character of }y given by the action of ^y on vr (more precisely on 
e^"7r where e^" G Hy ®q E is the idempotent corresponding to By). 

We need the following refinement of theorem 4.3: 

Proposition 4.7. /]M] ) In the setting of theorem 4-3, suppose that 
Uy belongs to the Bernstein component By. Then we can take D, and 
Z C D{L) and L/Qp such that E ^ L, and such that for any t & Z , 
we can take n(t) such that Il{t)y belongs to the Bernstein component 
By. Furthermore, the ring homomorphism (4-2) (when restricted to 
^sph,su{v},p J (,xtends to a ring homomorphism: 

such that for any t E Z , the map: 
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is the character z(Il{t)) giving the action of on n(t). 
We first prove: 

Theorem 4.8. There exists a pseudo- character (of dimension 4) 

T"^ : Wf^ ^ 3„ = E[B,] 
such that for any irreducible vr belonging to By, we have 

(4.13) ef,M,,T^" = tr(A;,rec^(7r)"') 
here eVz{-K) is the evaluation map on = E[By] at z{tt). 

Proof. We need to use the description by Gan-Takeda [GTlt IGT2j of 
the local Langlands correspondence for GSp4(Fi;). By the main result of 
Chan-Gan [CG], this is the same as the local Langlands correspondence 
for GSp4(Fi,) constructed by Arthur as in section 2.2. Since the proof 
is a bit long, the reader is also advised to skip on first reading. 

First consider the simple case where M = G, thus cr is a supercuspi- 
dal representation of G{Fy). Then we have B^ = Gm (defined over E), 
identified as the group of unramified characters of F^ , hence of G{Fy) 
via the similitude character c. Any vr belonging to By is of the form 
0" ^ o c (for an unramified character ^ of F^ ) . Hence we can define 
for any g G Wf^ 

(4.14) T^^igm ■■= tT{KTeCy{ay%g))-a^Tt-\g)) 

= tT{KTeCy{a ® ^ o c){g)) 

(up to replacing a by an unramified twist and enlarging E we can 
assume without loss of generality that k^:TeCy{a) is defined over E). 
Then T^'"{g) G E[By\ for any g G Wf , and T^" satisfies equation 
(4.13). 

We next consider the case where M = Mq is the Levi component of 
the Klingen parabolic subgroup Q of G. In this case we have Mq = 
GLi/F X GL2/F, where 

(' \ 

(a, A) G GU/F X GL2/F ^ A ] eMq 

\ fl-MetA J 

Take Y = Gm x Gm, identified as the group of unramified characters of 
M{Fy) via the identity on the factor GLi(F^,) and the determinant on 
the factor GL2(F^). We can write the supercuspidal representation a on 
Mq^Fy) as x^'T^ where x is a character of F^ , and r is a supercuspidal 
representation on GL2(-F\,). The Weyl group A C F x Wmq of this 
Bernstein component (here Wmq is the Weyl group of Mq relative 
to G, which is of order two) can be defined as follows: we have the 
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following action of VTa/^ on Y, where the non-trivial element wq of 
Wmq acts via 

w^Q-(6,6) = (er\66)for (6,6) 

and hence we have the following action of F x VTa/q on Y by extending 
the multiplication action of Y on itself, i.e.: 

((z/i,z/2),U7q) ■ (6,6) := (^^l6~^ ^^266) 
Then A is the subgroup of elements ((z/i, 1^2), t) of F xi Wmq such that 

T0Ui = T, Z/2 = 1 

when t = e, and 

r^X = r®V2, x^^i = 1 

when t = Wq. We have By = A\Y. 

Now from Table 1 of section 14 of [GTl] (the classification in this 
case follows from the work of Sally- Tadic |ST] ). we see that if tt belongs 
to this Bernstein component then there are three possibilities (in the 
notation of loc. cit.), here below (6,6) ^ ^• 

1- = Jq(x6, 1" ® 6) with x6 7^ 1- 

2. 71 is an irreducible subrepresentation of /Q(l,r ®6) (i-6- x6 is 
trivial; in this case Iq{1,t ® 6) is semi-simple). 

3. TT = St(xo, r^), where = r (g) 61 det while Xo := x6 " I • 

is non-trivial and satisfies x'o — '^o (xo)^ = 1 (see Lemma 5.1 
of [GTlj ). 

One sees from /oc. cit., together with the recipe for L-parameter in 
section 13 of |GTlj . that in all the above cases, the semi-simple part 
of the L-parameter fc^,rec„(7r) has the same semi-simple part as: 

(4.15) i:.(r®x66) ©'C^.(^®6)• 

In fact in case 1 and 2, the L-parameter is given by (4.15), while 
in case 3, the L-parameter is given by Cy{TQ) Kl f (2), where v{2) is 
the two-dimensional representation algebraic representation for SL2(C) 
(here this is the SL2(C) of Lp^ = Wp^ x SL2(C)). One sees immediately 
using (2.1) and the condition in case 3 that it has the same semi-simple 
part as the parameter (4.15). 

Hence in this case we can define T^" {g) for any g G Wp^ by the rule: 
for any (6,6) ^ Y: 

2^''"(^7)(6,6) = tri:.(r®x)(^?)-66(art;i((?))+tr/:,(r)((7)-6(art;i((?)) 
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(again by replacing r, x be unramified twist and enlarging E we may 
assume that C^{t) and C^{t ® x) are defined over E) which is easily 
seen to be ( function on Y) to be in E[f]^ = E[B^]. It is a pseudo- 
character because for any 2; G -B^,, we have eVz^^T'^" is the trace of a 
representation. 

Next we consider the case where M = Mp is the Levi component of 
the Siegel parabolic subgroup. One has Mp = GL2/F x G^i/f, where 

{A, a) G GL2/F X GU/F ^ (^^ a. (^t)-i ^ e Mp 

Again take Y = Gm x Gm, identified as the group of unramified 
characters of Mp(F^) via the determinant on the factor GL2(-F„) and 
the identity on the factor GLi(F^). We can write the supercuspidal 
representation a on Mp{F^) as r lEl x, where r is a supercuspidal rep- 
resentation on GL2(-F^) and x is a character of F^ . The Weyl group 
A C F X Wmp of this Bernstein component (here Wmp is the Weyl 
group of Mp relative to G which is again of order two) can be defined 
similar to the Klingen case: define the action of Wmp on Y where the 
non-trivial element W7p of Wmp acts via 

wp ■ (^1,6) = (er\ei'6) for (6,6) e Y 

and as before extend this to an action of F x Wup on Y . 

Then A is the subgroup of elements ((z/i, 2/2), t) of F x Wmp such 
that 

T ®l>l=T, U2 = l 

when t = e, and 

Z/2 = Ur, T Url^i = T 

(which implies in particular that (wt-i^i)^ = 1) when t = wp. We have 
By = A\Y. 

From Table 1 of section 14 of |GTlj (again follows from the work 
of |STj ). we see that if vr belongs to this Bernstein component then 
there are two possibilities (in the notation of loc. cit.), here again 

(6,6) eF: 

1. TT = Jp(r (g)6,x6)- 

]^ /2 1 /2 

2. vr = St(r^, x'o), where = r (g)6| det , while Xo ■= x6 " I • W , 
such that Tq has trivial central character (see Lemma 5.2 of |GT1] ). 



In case 1 the L-parameter is given by loc. cit. 
(4.16) (a;.x6'6) o art;;^ ©£,(r ® x66) © (x6) ° art; 
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while in case 2 the L-parameter is given by 

which again has the same semi-simple part as (4.16). 

Hence in this case we can define T^" (g) for any g G Wp^ by the rule: 
for any e Y: 

(4.17) T«"((?)(ei,6) 

= ujrx{^it-\g)) ■ eM^Tt~\g)) + tr£,(r ® x)i9) ■ ^iU^rt-\g)) 
+X(art~^(^)) •5(art~^(^)) 

which is in = as is easily seen from the rule giving the 

action of A. Again this defines a pseudo-character. 

Finally we consider the case where M is the maximal torus T of G 
(i.e. the parabolic in this case is the Borel subgroup B of G). We have 
T = GLi/F X GLi/i? X GLi/F, where 

(a, b; t) G GLi/p x GLi/p x GLi/p 

fa \ 

b 

tb-^ 

\ ta-^ J 



G T. 



The supercuspidal representation a on M{Fy) = T{F^) is thus given by 
a character xi ^X? where xi, X2 and x are characters on GLi(Ft,). 

In this case one has Y = Gm x Gm x Gm, and we can define similarly 
define the Weyl group A (ZY ><\ W of this Bernstein component (here 
W = Wt is the usual Weyl group of G). 

From Table 1 of section 14 of |GTlj we see that if vr belongs to 
this Bernstein component, then there are 5 possibilities (here below 

(ei,6;0eF): 

2. TT = Jq(x, t), with X 7^ 1, and r is a twisted Steinberg repre- 
sentation of GL2(-Ft,) of the form r = StGL2 Here x and x° are 
characters of GLi(F^), satisfying: xi^i = X, X26 = \ -\v \ X^ = X^\-&'^- 

3. TT is an irreducible subrepresentation of the semi-simple induced 
representation Iq{1,t), with r twisted Steinberg representation r = 

StGL2 ®X°, such that Xi^i = 1, X26 = I ■ \v \ X^ = X°l ■ 
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4. vr = Jp(r, xO with r twisted Steinberg representation of GL2(-F„) 
given by r = StGL2 Here x° is a character of GLi(F^) such that 

Xi6 = |.-^/^ and = r • 

5. TT = StpGrs'p4 (X>X5 twisted Steinberg representation of GSp4(Fi,) 
(c./. Lemma 5.1 of [dTT] l 

In each of the above cases one sees that vr belongs to the Bernstein 
component (T, Xi^ X2^ x) using induction by stages. Furthermore 
from loc. cit. one checks directly that in each of these cases, the semi- 
simple part of the L-parameter is given by 

((1 © X16 © X26 © ■ XO ° art;i . 

(in case 5 above one has xi^i = I " IS, X2^2 = I " C = I " \v^^'^-) 
Hence we can take, for g G Wp^, and (G; ^2; ^ 

(4.18) T^"(^7)(6,6;0 

= ((1 + Xi^i + X26 + X1X266) • XO ° art^^ . 

We have T^^{g) e E[Y], and one needs to show that it lies in 
i.e. that (4.18) is invariant under the action of A. Since this involves 
no new ideas, we leave the verification to the reader. □ 

Remark 4.9. 

It is interesting to ask whether theorem 4.8 has a proof that does not 
require case by case enumeration. It seems that the results of Kudla 
[K] is relevant to this question. 

For later use we also draw one corollary from the work of Gan- 
Takeda: 

Proposition 4.10. Suppose that cj) is an L-parameter for GSp4(-Ft,) 
whose semi-simple part is unramified. Then there is a representation 
in the L-packet classified by (p that has Iwahori fixed vectors. 

Proof. This again follows from the description of the L-parameters for 
GSp4 given in Table 1 of section 14 of [GTlj , using the fact that vr has 
Iwahori fixed vectors if and only if it is a subquotient of the parabolic 
induction from the Borel subgroup B with unramified induction data. 
Furthermore, we see from loc. cit. that in fact if the semi-simple part 
of is unramified, then all the representations in the packet of has 
Iwahori-fixed vectors, except in the case where has the form 

= Ai ■ t;(2) © A2 ■ ^(2) 
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where Ai,A2 are distinct unramified characters of GLi(F„) such that 
Xl = A2, in which case the L-packet corresponding to (p contains a 
supercuspidal non-generic representation, while the generic representa- 
tion in the packet is given by (notation as in the proof of theorem 4.8) 
Jq(AiA2 \ StGL2) ® A2, which has Iwahori fixed vectors. □ 

With proposition 4.7 and theorem 4.8, we can now prove: 

Theorem 4.11. Let Rp be the Galois representation associated to U 
as in theorem 4-6. Assume hypothesis 4-2- Then for any finite prime 
V of F not dividing p, we have local-global compatibility up to semi- 
simplification: 

(4.19) ipWD{Rp\G,J' = Krec.iU, ® |c|;3/2)-. 

Furthermore, if we identify the set of embeddings of F into with the 
set of archimedean places of F via Lp = C, then the Hodge-Tate-Sen 
weights of Rp at the embedding corresponding to f |oo is given by the 
same formula as (3.6), i.e. 

with 

Sv = -^{w + 3 - mi^^ - m2,v) 

Proof. We follow the arguments of |Ch] . As above denote by By the 
Bernstein component of GSp4(F„) to which n^, belongs, and assume 
that is defined over some finite extension E of Q. And we are in the 
setting where theorem 4.3 and proposition 4.7 apply. In particular the 
finite extension L/Qp is chosen large enough so that E L. Denote 
by 

T^^ ■ Wf, 0{D) 
the pseudo-character defined by the rule: for any g G Wp^: 

f^^{g) ■.= P{T^^{g))-\g\-'/^ 

where T^^ : Wp^ 3^ is the pseudo-character as in theorem 4.8. Then 
by construction, for any t G Z C D{L), we have 

evt,,f^^ = i;nr(A;,rec,(n(t), ® \c\f/y'). 

On the other hand recall the psuedocharacter T : Gp^s,p C'(D) 
of theorem 4.4. We continue to denote by T the pseudo-character 
obtained by pre-composing T with the map Gp ^ Gf^s,p- By Lemma 
7.8.11 of |BC1] . there exists a reduced quasi-compact separated rigid 
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analytic space y and a morphism f : y ^ D satisfying the following 
properties: 

1. / is proper and surjective. 

2. There exists a admissible open U G D that is Zariski dense and 
such that f~^{U) — )■ f/ is finite etale. 

3. There exists a locally free Oy-module M of rank four, with a 
continuous linear action of Gp-, whose trace is given by the pull-back 
of T by /. For any |/ e 3^, we denote by My the evaluation of M at ?/ 
(a four dimensional representation of Gp over the residue field L{y) of 
Oy at y). 

4. For any y G f^^{U), the representation My is semi-simple. 

In particular Z' := f~^{U fl {Z\{Q})) is Zariski dense in y. We also 
see by condtion 3 and 4 for any z & Z' with t = f{z), we have = Rt^p 
as representation of Gp (recall that Rt^p is the Galois representation 
associated to Hit)), and if yo G y with f{y) = E Z C D, then 
M- = Rp. 

Now by Lemma 7.8.14 of [BCl] , the action of Gp^ Gp on M ad- 
mits a Weil-Deligne representation WD(M|g^^ ). By functoriality of the 
construction of Weil-Deligne representation we have WD(M|g'^^)j^ = 



WD(M,|G,Jfor ^njyey. 

Now denote T^d- : Wp^ 0{y) the C>(3^)-valued pseudo-character 
given by T^D" = trWD(M|G^J^^ We claim that 



where /* : 0{D) — )■ 0{y) is the map of induced by /. Indeed, by 
Zariski density it suffices to prove this equaltiy evaluated any point 
z e Z'. But if z e Z' with t = f{z) e Z\{0}, then 



T 



iWD„ _ 





which is equal to evt^^.T^" by above, which is exactly what we want to 
prove. 
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In particular choose yo G y suhc that f{y) = OEZ(lD. Then 
evaluating the equality T^°^ = (/*)^,T^" at yo we obtain 

tr(WD(i?,|a,J^^) = tr(WD(M-|G,J^^) 

= .;4r(fc,rec,(n,® |c|;3/2)-). 

We hence conclude (4.19) by Brauer-Nesbitt. 

We now prove the assertion on Hodge- Tate-Sen weights. Thus iden- 
tify the set of embeddings of F into with the archimedean places 
of F via Lp : Qp = C. Let v be an archimedean place of F, and denote 
by p the prime of F above p that is associated to the embedding to F 
into Qp corresponding to v. We assume without loss of generality that 
L is chosen large enough so that L contains all the Galois conjugates 
of Fp over Qp. 

For each y E y, denote by P^'^'^{X, y) G L{ii)[X] the Sen polynomial 
at V (in the indeterminate X) of the representation My restricted to 
GiTp, whose roots are the Hodge- Tate-Sen weights of My\Gp^ at the 

embedding F ^ corresponding to v. By Sen's theory [Sen], there 
exists a polynomial 

p,{x)eO{y)[x] 

such that for any e 3/', we have eVy^^P^{X) = P^'^^{X,y). 

On the other hand, consider the polynomial Pv{X) G (9(Z^)[X] de- 
fined by: 

4 

P,(X) := J](X-/^,,,(t)) 

i=l 

where i^i^vif) € 0{D) are given by: 

{/tl^i,, /t2,jj, /tS,?;) f^A,v\ 

^vit) = ^{w(t) + 3 - nii^^it) - m2,v(t)) 

with w{t),mi^y{t),m2^v{t) as in the statement of theorem 4.3. 

A similar argument as above shows that (using the assertion on 
Hodge- Tate weights in theorem 3.5 about the representations Rtp for 

tez\{0}): 

P,{X) = (/#).P.(X). 
Hence we obtain the result again by evaluating at y = yo. □ 
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We now remove the hypothesis 4.2 in theorem 4.6 and theorem 4.11, 
using the argument of |ChHj . We need the following result from |ChH] 
which we also use several times implicitly in section 5. 

Proposition 4.12. (Lemma 3.2.1 of |ChH] ) Let S he a finite set of 
primes of F , and w ^ S another finite prime, and M/ F be any finite 
extension. Let L^/F^ be a finite Galois extension of Fy for every v G 
S. Then there exists infinitely many totally real real solvable Galois 
extension F'/F in which w splits completely, with F' linearly disjoint 
from M over F , and such that for every prime v' of F' above a prime 

V E S, the extension F^,/Fy is isomorphic to L^/F^. Furthermore, 
there is a constant fi{{L^}y^s) independent of w, such that the degree 
[F' : F] can be assumed to be less than fi{{Ly}y^s) ■ 

Proposition 4.13. Let U be a cuspidal automorphic representation 
o/GSp4(Ai?) that belongs to a global packet corresponding to a simple 
generic parameter /i. Let S be a finite set of primes of F, and w ^ S be 
another finite prime. Let M / F be any finite extension of F . Then there 
is a constant fiijV) indepedent of w, and a totally real solvable Galois 
extension F'/F with [F' : F] < /i(n) in which w splits completely, such 
that the Arthur-Clozel base change fi' of fi to GL4(Ai?/) defines a global 
simple generic parameter of GSp4(A^/), and such that there exists a 
cuspidal automorphic representation Up' in the packet defined by fi' , 
with the property that Up' has Iwahori-fixed vectors at all primes of F' 
above p. If U belongs to the holomorphic limit of discrete series (or 
holomorphic discrete series) at the archimedean places of F, then we 
may also assume the case for Up/. 

Proof. For each prime v E S, choose a finite extension L^/Fy such that, 
if (j)y is the L-parameter classifying 11^, then the restriction of the semi- 
simple part (pl^ to Wl is unramified. We choose the constant /i(n) = 
li{{Ly}y(zs) as in proposition 4.12 above, which is independent of w. 
Then by this proposition, we can choose one (in fact infinitely many) 
finite solvable totally real Galois extension F' of F, with [F' : F] < 
/i(n) in which w splits completely, such that for any prime v' of F' above 

V E S, the extension F^,/Fy is isomorphic to Ly/ Fy. By proposition 2.3 
(and remark 2.4), we can choose such an F' such that the Arthur-Clozel 
base change /x' of to Ghi^^Api) (defined by successive application 
of cyclic base change) is cuspidal and defines a global simple generic 
parameter of GSp4(Air/). For any representation Tip/ in this packet 
defined by /i', we have for any prime v' of F' above v E S: 



(4.20) 



KieCy>{{Yip>)y>) = Cy'in'y,) 
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In the above we make use of the fact that Arthur-Clozel base change 
is compatible with local Langlands correspondence (for GL4). By con- 
struction it follows that the semi-simple part of rec„'((ni;'/)^/) is un- 
ramified, and hence by proposition 4.10 the local L-packet containing 
{IIf')v' contains a representation that has Iwahori fixed vectors. Since 
the parameter n' is simple generic, it follows that all the representations 
in the global packet defined by /i' occur in the (cuspidal) spectrum of 
GSp4(Air); in particular we can choose a representation that occurs in 
the cuspidal spectrum and has Iwahori fixed vectors at all primes of 
F' dividing p. The remark about the archimedean place follows from 
similar reasoning. □ 

It follows from Lemma 2 of |Soj that the collection X of extensions 
F' of F as in proposition 4.13 S-general and have uniformly bounded 
heights (c./. p. 649 and 654 of [So] for these extensions. We now take 
S = Sp to be set of primes of F above p. This is enough to achieve our 
goal: 

Theorem 4.14. Let U be a cuspidal automorphic representation on 
GSp4(Air) satisfying the conditions in the beginning of section 4, o-nd 
belongs to a global packet defined by a simple generic parameter. For 
each prime p, there exists an unique continuous semi-simple p-adic 
Galois representation 

Rp : Gp — ^ GL4(Qp) 

which is unramified outside the set of primes of F dividing p and where 
n is not spherical, and such that for any finite prime v of F , we have 

(4.21) .pWD(i?p|G^J^^ = A;,rec,(n, ® \c\f/y''. 

Furthermore the Hodge- Tate-Sen weights of Rp are given as in theorem 
4.11. 

Proof. For each of the extension K & X oi F above we choose a cuspi- 
dal automorphic representation Hk on GSp4(Ai4:) as in the statement 
of proposition 4.13. By theorem 4.11 applied to IIj^ (which applies 
because by construction Ili^ has Iwahori fixed vectors at all primes of 
K above p), we have a continuous p-adic Galois representation: 

(4.22) Rk,p : Gk ^ GL4(Q,) 

such that for any prime v' of K not dividing p, we have 

(4.23) Lp\^V){Rk,p\g^ ,y' = Kmo,.{{IiK\' ® Wj'y'' 

By the patching lemma of po] (Theorem 7 of loc. cit.), since the col- 
lection X of extensions i^T of F is ^'-general and has uniformly bounded 
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heights, there exists a unique continuous semi-simple p-adic Galois rep- 
resentation Rp : Gp GL4(Qp) satisfying: 

(4.24) Rp\gk — Rk,p 

for all extension K E I, provided the following conditions are satisfied: 

1. = Rk,p for aWK el and all 6 G Gal(K/F). 

2. Rk„p\g^, = Rk,,p\g^, for all K^,K2e X, and K' := K, ■ K^. 

Both are standard arguments. As in the proof proposition 4.13 de- 
note by fiK the global simple generic parameter classifying Uk, which 
is the base change of the global simple generic parameter /i classifying 
n. Now we have 

LpWD{Rk,p\g^J' = fc,rec^(«)^® |c|;3/2)^^ 

In particular take any finite prime w of K not dividing p such that Uk 
is spherical. Then Rk,p is unramified at w. By considering Satake pa- 
rameters, we see that for any 6 G Gal{K/F), we have the isomorphism 
of unramified Weil-Deligne representation: 

ipWBiR'^jG^y-' = CM)n. ® I det |;^3/2). 

But since comes from base change from GL4(Ai?), we have = f^K 
[ACj . Hence for such w we have 

WD«^|g^J^- - WD{RK,p\G.y-'' 

and we obtain condition 1 by Cebotarev density and Brauer-Nesbitt 
theorem. 

For condition 2, let w be any finite prime of K' = Ki-K2 not dividing 
p, and let Wi be the prime of Ki below w for i = 1,2, with v being the 
common prime of F below wi,W2- Then by the compatibility of base 
change with the local Langlands correspondence for GL4 we have: 

ipWj^{RK^,p\G„ r = ip'NBiRKjG^^ r\w,, 

= £^,((/ixJ«,,® |det|-f/2)^V^, 

= £,(^,® |det|;3/2)-| 

which does not depend on i. Hence again for such w we have 
WD(i?^„p|G^, )- = YJD{Rk,,p\g,, 
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SO we again conclude by Ceboatrev density and Brauer-Nesbitt. 

To deduce (4.21), choose K E X as above. Then since v does not 
divide p, we have by construction v sphts in K. Let v' be a prime of 
K above v. Then since Rk,p — Rp\gki have by (4.23), we have 

^ K rec,,((n;,),, ® \c\-J'y' = C,,{{iik)v' ® \ det |;,'/')^^ 
^ £,(/!, ® I det |;3/2)- = rec,(n, ® W.^''^ . 

Finally for the assertion on Hodge- Tate-Sen weights, again choose 
any K G X as above. Then Rp\gk — Rp,K, and by theorem 4.11, 
Rp^K has Hodge- Tate-Sen weights given as in the statement of theorem 
4.11. By "invariance of Hodge- Tate-Sen weights under finite extension" 
(Remarque on p. 31 of [F]), we conclude the same for Rp. 

□ 

Remark 4.15. 

For our applications in section 5, we will only need the case where 
H is classfied by a global simple generic parameter. The argument of 
section 3 shows that if the parameter classifying H is not simple generic, 
then it reduces to the properties of Galois representations associated 
to Hilbert modular forms. 

To end this section we state the following result, that can be proved 
exactly as in [J], using the generalization by K.Nakamura [N] and F.C 
Tan [Tan] on Kisin's results on analytic continuation of crystalline pe- 
riods and combining with base change arguments. 

Proposition 4.16. Let H be as before satisfying the conditions in the 
beginning of section 4- Assume that H is classified by a simple generic 
parameter. Suppose that H is spherical at a prime v\p. Denote by 
Qn,v{X) the inverse characteristic polynomial of the geometric Frobe- 

nius on the unramified Weil-Deligne representation /c* rec^(H^®|c|i, ^^^). 
Assume that the (inverse) roots o/Qn,t>(^) o'^e all distinct. Then Rp 
is crystalline at v. 

5. Main Theorems 

We now return to the setting of the introduction, where we denote 
by vr a cuspidal automorphic representation on GL2(A£;), with E a CM 
extension of the totally real field F. Denote by u the central character 
of TT. We assume that u is invariant under the conjugation t of E over 
F. In adddition we make the following hypotheses on vr: there is an 
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integer /iq such that for any archimedean place w of E, the local com- 
ponent at of w is given hj z klc^" = {zz)~^°, and for such a place 
w, the local component 11^ is an irreducible admissible representation 
of GL2(C) corresponding to the archimedean L-parameter 0^o,n„ of 
Le^, with riuj > 1, and such that 11^=^^0 + 1 mod 2 for all w\oo. We 
also denote this value where v is the place of F below w. 

In this section we prove theorem 1.1 and 1.2 of the Introduction. 

First we notice that there are two cases for which theorem 1.1 and 
1.2 follows readily: 

1. TT (g) (5 = TT for a non-trivial quadratic idele class character 6 of A^. 

2. (tt ® = TT /3 for an algebraic idele class character /3 of A^. 

If case 1 occurs then vr = Alf (x® | det 1^^) where L is the quadratic 
extenson of E cut out by 6, and x algebraic idele class charac- 
ter of A^ with X 7^ cind Alf is the automorphic induction from 
GLi(Ai) to GL2(A£;). In this case we have Pp := Indf Xp^^ where 

Xp^^ ■ Gl ^ Qp is the p-adic Galois character corresponding to x- The 
assertions in theorem 1.1 and 1.2 is then the standard consequence of 
the dictionary between algebraic idele class character and compatible 
systems of p-adic Galois characters, together with the fact that auto- 
morphic induction is compatible with local Langlands correspondence 

of GL2. 

In case 2, the twist vr ® /3 would then arise from (Arthur-Clozel) 
base change of a cuspidal automorphic representation on GL2(Air) of 
cohomological type, and in this case both theorems reduce to known 
assertions about Galois representations associated to Hilbert modular 
forms (in any case special case of the result of |ChH] ). together with 
the compatibility of base change with local Langlands correspondence. 

Henceforth we assume until then end of section 5.2 that vr is neither 
in case 1 or 2. 

5.1. Lifting to to GSp4(Aj?). Recall the assumption that the central 
character uj is invariant under r, in which case it factors through the 
norm Ne/f from E to F. In fact there are exactly two algebraic idele 
class characters coi,co2 such that u = Ui o Ne/f- We have UJ1/UJ2 being 
equal to the quadratic idele class character e of A^ corresponding to 
the quadratic extension E/F. Hence there will be exactly one of the 
two Wj, that we will denote as for which 1) = (—1)^° for all 
archimedean places v of F; equivalently for each archimedean v the 
local component o;^ is given by a 1— )■ a~^° . 
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We denote 11' the following representation: 

(5.1) n' := Alf (vr ® I det Ia^) 

where AI^ is the automorphic induction from GL2(A£;) to GL4{Ap) in 
the sense of Arthur-Clozel |ACj . We are assuming that vr (and hence 
TT ® I det \ae) does not arise as base change from GL2(Air), so 11' is 
cuspidal automorphic by loc. cit. 

To ease notation put vr' := vr ® | det \ae:^' = w ■ | ■ ^^^,00' = w ■ | • |^^. 
Then since tt' is on GL2(A£;), we have 

(5.2) {n'Y ® tu' = n' 
this implies readily that 

(5.3) (n')*®w' = n' 

(for example using strong multiplicity one and the relation between the 
Satake parameters of tt' and AI^(7r'). Thus 11' defines a simple generic 
parameter \1'2(4) which is self-dual with respect to u'. It is in fact of 
symplectic type, i.e. 11' defines a simple generic parameter of ^2(^,0;') 
(the author is grateful to Wee Teck Can for pointing the identity (5.4) 
below) : 

Proposition 5.1. 11' is of symplectic type with respect to uj' , i.e. the 

twisted exterior square L-function L(s,n',A^ ® {u')^^) has a pole at 
s = l. 

Proof. We have the following factorization formula of L-functions: 

(5.4) L(s,n',A2® (w')-^) 

= Cf{s) ■ L{s, e) • L{s, tt', Asai" (g)(a3')~^). 

Here Cf{s) is the usual Dedekind zeta function of F which contributes 
a pole at s = 1, while e is as before the quadratic idele class character 
of A^ corresponding to E/F, and L{s, e) is the usual Hecke L-function 
of e, which does not vanish at s = 1. The term L(s, tt', Asai" (8)(cD')~^) 
is the twisted Asai L-function of vr' (to be precise there are two Asai L- 
functions, the (-I-) and the (-) Asai L-functions and here we are using 
the (-) one). The non-vanishing of L(s, vr', Asai" ®(a;')~^) at s = 1 
follows from Shahidi's theorem |Slj . See p. 302 of [R] for the discussion. 
Indeed, we can choose an idele class character x of such that xIa^ ~ 
uj'. One then has L(s, tt', Asai" ®(cD')~^) = L(s, tt' x^'^^ Asai^) which 
reduces to the standard Asai L-function to which the non-vanishing 
result of [ST] apply. 

Identity (5.4) can immediately be verified directly by computation 
with Satake parameters. Hence we conclude the result. □ 
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Thus in particular by Arthur's global classification theorem 11' and 
the similitude character uj' define a (global ) simple generic parameter in 
'^2{G, hence corresponds to a global packet of cuspidal automorphic 
representations of GSp4(Aj7). For any representation 11 in this packet, 
the central character of 11 is given by u', whose local component at any 
archimedean f of F is given by : a — )■ a"^""*"^. 

Proposition 5.2. For any archimedean place v of F, the local compo- 
nent n„ belongs to the archimedean L-packet defined by the L-parameter 
4>(po-'2;nv,o) (notation as in section 3.1). Thus it is a limit of discrete 
series. 

Proof. For each archimedean place w of the local component vr^ = 
(tt (g) I det \ae)w has L-parameter given by 0(^(,-2,n»)- The L-parameter 
of = (AI^(7r'))„, for a place f of F below w, is thus given by the 
induction of 



z I— \z\ 



-MO+2 



/.o-2,n») from We^ to Wf,, i.e. given by 



V 



for z G We^ = C^, and 



v 



+1 



+1 



(-1)"" 



/ 



This is thus the L-parameter of the irreducible admissible 11^ of GSp^^i^F^ 
Recall that = fio + 1 mod 2, and we set = n^. Hence it is easy 
to see that this is equivalent to the parameter (p(^Q-2;nyfi)- D 

Remark 5.3. 

As mentioned in the introduction the above lifting result can also 
be obtained using the method of theta correspondence, with the non- 
vanishing of the theta lifting being completed by S. Takeda jTaj . Under 
some local conditions on vr the result is also obtained by P.S. Chan [C]. 



In particular we can pick a representation 11 in this packet whose 
archimedean component at all archimedean places of F is given by 
holomorphic limit of discrete series. This is the representation to which 
we will apply the results of section 4. 
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5.2. Quadratic Twists. Thus once again fix a prime p. Tlie liypotlie- 
ses for theorem 4.14 are all satisfied for 11. Thus we see that attached to 
n is a continuous semi-simple four dimensional Galois representation 

unramified outside the places of F dividing p and the places where U 
is not spherical, and such that for any place v oi F not dividing p, we 

have 

(5.5) ipWDiRplaJ'' = A;*rec,(n, ® |c|;3/')*^ 

Recall that IT is classified by the simple generic parameter H' of 
GL4(Ai;'). So (tautologically) we have 

K rec^(n^ ® |c|;^/2) = £„(n; ® | det |;3/2). 

Hence 

(5.6) LpWD{Rp\G,X = jC,{U'^<^\det\f/y' 

^ £,((Al|7r),(8)|det|;^/^)^^ 

(recall that W = AI^tt') = Alf (vr® | det Ia^))- If we take 5",^ to be the 
set of finite primes w of E where tt^, tt^ or E^j/F^ ramifies (here v is 
the place of F below w), and S^^^p the set of places of F lying below 5^, 
then n is spherical outside St^^f, and hence Rp is unramified outside 
the set of places dividing p and St^^f- Note that by (5.6), together 
with Cebotarev denisty and the Brauer-Nesbitt theorem, the Galois 
representation Rp depends only on tt and not on the choice of the 
cuspidal automorphic representation 11 belonging to the global packet 
defined by the parameter 11'. 

Now since 11' = AIg(7r') it satisifes: 

(5.7) n' ^ n' (8) (e o det) 

where as before e is the quadratic idele class character of A^ corre- 
sponding to E/F. Equation (5.6) thus imphes 

(5.8) WD((i?, e)\G,T = WD(i?,|G,J- 

(here we abuse notation and we regard e as a Galois character of 
by class field theory). By Cebotarev density and the Brauer-Nesbitt 
theorem, we thus have 

(5.9) Rp^e^Rp 

Proposition 5.4. There exists a continuous semi-simple two-dimensional 
representation 

(5.10) Pp-.Ge^ GUi^p) 
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such that 

(5.11) i?p = Indfpp. 

Hence 

(5.12) Rp\g^=Pp®p;. 

In particular pp is unramified at w if w does not divide p and w ^ St, 

Proof. The proof is exactly the same as in Lemma 4.1 of [BH], so 
we just recall the gist of the argument. Suppose first that Rp is ir- 
reducible. Now by (5.9), we have Homc^ (e, End i?p) ^ 0. Since e 
is non-trivial but the restriction of e to G^; is trivial, we see that 
dimq HomGg(l, i^plcjj) > 2. By Schur's lemma, we see that Rp\ge 
is reducible. Let pp be a subrepresentation of Rp\ge of minimal dimen- 
sion. Then By Frobenius reciprocity Ind^; pp is a subrepresentation of 
Rp, hence by the irreducibility of Rp we must have Rp = Ind^pp and 
hence pp is of dimension 2. 

The cases where Rp is reducible can be treated exactly as in Lemma 
4.1of[BH]. □ 

Remark 5.5. 

In fact Pp is always irreducible (see proposition 5.9 below), and under 
our assumption that vr does not arise as base change from GL2(Air), 
we will see that we have pp % pp (proposition 5.10 below), so in fact 
Rp = Ind^ Pp is irreducible. 

Remark 5.6. 

Note that (5.11) does not specify Pp uniquely as we can replace pp 
by Pp. For the moment we choose either one for pp. We will pin down 
this choice more precisely later. 



Proposition 5.7. For any finite place w of E not dividing p, we have: 

(5.13) ^pWD(p,| )^^©6,WD(p;| Y' 

^ C^i-n^ ® I det ® C^iin^)^ ® I det l^^/^)^^ 

Proof. This is a direct computation. Let v be the prime of F below w. 
Then 

(5.14) ipWB{Rp\G,J'\wE^, = ipWB{Rp\GEj' 

= ^.WD(p,|^^J-©.,WD(p;|^^J-. 
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On the other hand by (5.6) and the compatibihty of the local Lang- 
lands correspondence with base change, we see that the left hand side 
of (5.14) is isomorphic to 

(5.15) U{Al^E^),^\det\-'/'r\G,^ 

= £^((BC|(Alf7r))^® |det|;;;i/2)ss 

= £^((7rffl7rO^„® |det|-i/2).. 

= £^(7r^ ® I det ^ CUi^^w 8) I det {-'/^^ 

(In the above vr ffl vr^ is the isobaric sum of n and n'^ as an automorphic 
representation of GL^i^Ap)). □ 

In order to separate the contributions pp and Pp in (5.13), we follow 
|BHj by considering twisting of vr by quadratic characters. Denote by 
A4 the set of quadratic idele class characters of (of course we allow 
T] to be trivial). Note that for any rj & Ai, the cusp form tt ^ [r] o det) 
satisfy the same hypotheses as those for vr in the beginning of section 
5. Hence we may apply the same constructions above to tt (r^ o 
det): denote by and K^^ = Ind^ the corresponding 2-dimensional 
Galois representation of and 4-dimensional representation of Gp 
respectively, given by the construction above with vr being replaced by 
7r(8)(?7odet) (here is not to be confused with p^ which is the conjugate 
of Pp by r). 

Proposition 5.7 applied to vr ® (?7 o det) gives the following result (to 
ease notation we have written vr ® 77 for tt ^ [r] o det)). 

Proposition 5.8. For any finite place w of E not dividing p, we have: 

(5.16) ^pWD(p^|^^J-©.,WD((pP^|^^J- 

Our goal is to show that we can choose p and the p"^ compatibly so 
that in fact p^ = p ® r] for all G (here we have abused notation 
and regard 77 as a Galois character via class field theory). To do this 
we need some preparations, following the lines of arguments in |BHj . 

First we need the following key result: 

Proposition 5.9. The representation p^Igl ^■^ irreducible for any qua- 
dratic extension L of E (in particular p^ is irreducible). 

Proof. This can be proved exactly as in Lemma 5.1 of |BHj using the 
argument in section 3 of [T2j . This is where we need to use the as- 
sumption that we are not in case 1 discussed in the beginning of section 
5. □ 
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Now for any 77 G put 6r, := rj ■ rj^. Denote by Ls^ the quadratic 
extension of E cut out by 6. Twisting equation (5.16) via ri~^ = rjuj, 
and denoting Pp '■= Pp ^ i]^^, we obtain, for any finite place of E not 
dividing p: 

(5.17) WD {p;\a,X © WD {{p^X ® 5.) \gJ^' 

Now by proposition 5.9 the restriction of p^ to G^g^ is irreducible, 
hence semi-simple (in any case being the restriction of a semi-simple 
representation of to an open normal subgroup is semi-simple). Since 
by definition the restriction of 5^ to Gl^^ is trivial, we see that by using 
the restriction of equation (5.13) and (5.17) to the various decomposi- 
tions groups of at primes not dividing p, together with Cebotarev 
denisty and Brauer-Nesbitt theorem, one has 

orj oj-j Or] Or) 

By proposition 5.9 again each summand of (5.18) is irreducible. 
Hence we either have pIjL — PdL , or pIjL = pZ} .If the 

07J Ori O'q 

latter case occur, we replace p^ by {p^Y (which is legitimate; note that 
v\gl — V'^\gl )• With this choice, we then have for all 77 G A^: 

S-q Srj 

Again by irreducibility of pp and p^, equation (5.19) implies that 
(5.20) pn^p^0^^ 

for a quadratic character iprj of Gal{Ls^/E), and hence iprj is either 
trivial or equal to 5^. In other words, p'^^ = pp ® rj oi p'^ = Pp ® rf . 

Proposition 5.10. Let t] G Ai, and 6 be a quadratic character of Ge- 
Then we have 

1- p^^ 6 ^ p^ for 6 non-trivial. 
2. pI®5^ {plY m all cases. 

Proof. This again can be proved exactly as in Lemma 5.2 of [BH]. 
However we would like to give some details to clarify some part of the 
argument in loc. cit. 

For part 1, if © 5 = for some non-trivial quadratic 5, then 
HomG^(5, Endp^) 7^ 0. Denoting by L the quadratic extension of E 
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cut out by 6, one then has dinig HomG^(l, End(p^|Gi,)) — 2- Schur's 
lemma imphes that Pp\gl is reducible, contradicting proposition 5.9. 

For part 2, first consider the case where 6 is non-trivial. Thus assume 
that ® 5 = {PpY- Applying r to this isomorphism we obtain {ppY (g) 
S'^ = p^, and hence we have <S) S~^S'^ = p^. By part 1 just proved 
above, then implies S'^ = 6. So twisting equation (5.16) by 5^, = we 
obtain: 

But by assumption p^® 5 = {PpY so we obtain 

Combining with equation (5.16) we thus obtain 

£^(((7r®77)ffl(7r®r7)^)^®|-|-i/2))^^ 

^ £^(((7r ®r]-6)m{TT(g)r]- 5yY ® I " 1^'^')"- 

Hence by strong multiplicity one for isobaric automorphic represen- 
tations (theorem of Jacquet-Shalika [JS]) we have 

(tt (g) ?7) ffl (tt (g) r])^ = (tt (g) ?7 ■ 5) ffl (tt (g) ?7 ■ 6y 

So we have either tc^t] = TT^rj-S, i.e. 7r(g)5 = tt, or n^i] = [ir^ri-Sy. 
The former case is already excluded as the case 1 at the beginning of 
section 5, because 6 is non-trivial. So we have n r] = {n ® r] ■ 6y . 

Now recall that 6 satisfies 6'^ = S. Hence 5 (as a quadratic idele class 
character of A^) can be written as 5 = 5oNe/f for some quadratic idele 
class character 5 of A^. In particular (5|^x is trivial. The argument on 
p. 529 of [H] shows that we can write 8 = v/u'^ for some finite order 
idele class character v of A^. Thus we have 

TT ® 7] ■ V = (7r(g)?7 - vy 

Thus -K ® 7] ■ V arises as base change from GL2(A^). But this is the 
case 2 that we excluded in the beginning of section 5. 

Finally we treat the case where 5 is trivial, i.e. we assume that 
Pp — (PpY- Recall that for any rj' E (including this particular rj 
that we are considering) we have either p^' = Pp0T]' or p^' = pp®{ri'y . 
It follows that for any rj' E Ai there are at most four possibilities: 
pf =Pl® v\ Pf =Pl® ^V', Pf =Pl® WY or pf = p^ ® iv'Y- 
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A computation shows that assuming = {p^Y we would have (in all 
possible cases) 

for all 77' e In particular if we choose r]' so that 5y,i is non-trivial, 
then we obtain a contradiction to the case just proved above. 

□ 

Proposition 5.11. We have either = pp® t] for all r] e A4, or 

p^i^^ Pp^ rj^ for allr] e M. 

Proof We already know that for each 77 G A^, we have either p^ = Pp®rj 
or p^ = pp®rf . Suppose that we have p^ — Pp^Vo ^^r some rjo E Ai 
with rjo 7^ 77o, i-e. 5jjq not trivial. Equivalently in (5.20) we have 
"^vo = non-trivial. We are going to show that p^"^ rip® rf for all 
r]e M. 

Denote by L^,rni the quadratic extension of E cut out by ■ 6^^. 
Thus ^r]\GLr,r,o ^ "^wIgl^^q- couslderiug the restriction of (5.17) for 
both 77 and 770 to the various decomposition groups of Gl^,^^ at primes 
not dividing p, we see that (again by Cebotarev density and Brauer- 
Nesbitt): 



This implies that we have either p^\^ ^ , or we have 



p!J ^ (p^pY ® ^riolr ■ latter case were to occur, we 

would have p^^if) = {p^^^ Y 6r,Q for some quadratic character ip, which 
would in turn imply by (5.20) that Pp ®) ip' = Pp for some quadratic 
character ip', contradicting part 2 of proposition 5.10. Thus we have 
P^plor -PoTlor ' lience 

(5.21) p; ^ p"; ® ^,,,0 

for some quadratic character ipri,'no Gsl{L^^j^^/ E). Thus ipr),m either 
trivial or equal to 5^^ ■ 5^^^. 
We claim that 

(5.22) Vr,,,?o = V'tj ■ ^r,,, 

(where iprfjip-qa are as in (5.20)). Indeed combining (5.21) and (5.20) 
(for both f] and tjq) wc have 

Pp = Pp® (^r,,^oV'^V^o) 

whence the claim by part 1 of proposition 5.10. 

Recall that we are assuming that -0% — non-trivial. By (5.22) 
we see that ipr),r)o and ■^^ cannot be both trivial, i.e. we have = 
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^r? ■ Srio or ip>ri = By (5.22) again these two are equivalent, so we have 
tpri = Sri in all cases, i.e. p'^ = pp ^ rj'^ as required. □ 

Thus, if the latter case of proposition 5.11 occurs, then we just re- 
place pp by Pp, and p^ by {PpY for all r] & ^A. With this choices we 
then have Pp — Pp ^ V aA\ r] E Ai. 

Corollary 5.12. For any i] E Ai, and any finite place w of E not 
dividing p, we have: 

(5.23) WD {pp ® r^\^J'' © WD ((p, ® r^Y) \^J'' 

= C^{^^ ® r/^ ■ I • ® ^ ^; . I . |-i/2)-. 

Proof. Use proposition 5.8. □ 

5.3. Proof of main theorems. With corollary 5.12 in our hand we 
can now prove the main theorems 1.1 and 1.2 in the introduction. 

First we set up some notation. For any finite prime w oi E not 
dividing p, and element a G We^, denote by PTr^w{X,a) the inverse 
characteristic polynomial (in the variable X) of the semisimple part 
of the Weil-Deligne representation LpWD{pp\GE^)^~'^'^ evaluated at the 
element a. Similarly denote by Q7r,^(X, a) the inverse characteristic 
polynomial of the semi-simple part of the Weil-Deligne representation 
£^(vr^ ® I ■ U ) evaluated at a. Same notation of course apply with 
TT replaced by tt"^ or tt ® r^. 

Proposition 5.13. Let w be a place of E not dividing p, and splits 
over F . Then for any element a G We^ of odd valuation, we have the 
identity: 

(5.24) P^,^(X,a) =Q^,^(X,a) 

Proof. The argument is similar to section 5 of [BH] . Choose an r/' G 
which is unramified at w and w'^, such that ri'{w) = 1 and rj'iyo'^) = —1 
(here r]'{w) is the value of at a uniformizer of Ey^ and similarly for 
r]'{w'^)). Denote by and {a',/?'} the inverse roots of P-^^^iX^a) 

and P^r ,„(X, cr) respectively. Similarly denote by {7,5} and {7', 5'} 
the inverse roots of QT,^w{X,a) and QT,r ,^[X,a) respectively. 

Equation (5.23) applied to the case where rj is trivial gives the fol- 
lowing identity of multi-sets (i.e. sets with multiplicities): 

(5.25) {a,/3,a',/3'} = {7,5,7',5'} 
and hence 



(5.26) 



a + /3 + a' + /?' = 7 + 5 + 7' + 5'. 
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Similarly (5.23) applied to the case where rj = rj' gives (this is the place 
where we need to assume that a has odd valuation): 

(5.27) {aJ,-a',-P'}^{^,5,-i,-5'} 
and hence 

(5.28) a + /3 - a' - = 7 + 5 - - S' . 
Adding and subtracting (5.26) and (5.28) wc obtain 

(5.29) a + (3 = 7 + 5, 

(5.30) a' + 13' = 7+5'. 

Applying the same procedure to the reciprocals of the elements of (5.25) 
and(5.27) we obtain 

(5.31) ^ i + 

(^•^2) h + j' = 7 + ^- 

Suppose that the common value of both sides of (5.31) is non-zero. 
Then dividing (5.29) by (5.31) we obtain 

(5.33) a-f3 = -fS. 
Hence combining (5.29) and (5.33) we have 

(5.34) {a,P}^{j,S} 

thus giving the equality (5.24). Furthermore, applying (5.34) back to 
(5.25) also gives the identity {a',f3'} = {j',S'}. 
A similar argument shows that if the common value of both sides of 

(5.32) is non-zero then again (5.24) holds. 

Thus it remains to deal with the case when both sides of (5.31) and 
(5.32) are zero, i.e. when 

a — —j3 , 7 = — (5 
a'^-P' , 7' = -5'. 
Squaring the elements of (5.25) gives 

(5.35) {a\ {a'f} = {f , {if}- 

Now recall that the central character a; of tt satisfies bj — of . Since of 
is the central character of tt"^ as is easily seen, we have the identity 

(5.36) - 7^ = 7 . 5 = u^{a) = {u^)^{a) ^ i ■ 5' ^ -{if. 
Combining (5.35) and (5.36) gives 

a = (a ) =7 = (7 ) . 
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Hence a = ±7. Thus again {a, /?} = {7, 6} and so (5.24) holds. □ 

As before let ^'^r be the set of finite places w of E such that tt^, (71"^)^ 
or Eyj/Fy ramifies {v being the place of F below w), and put S^^^p to be 
the union of S and the set of places dividing p. Then pp is unramified 
outside St^^p- In particular we obtain, for w ^ 5'^_p, with w splits over 
F, the identity 

(5.37) P.,^(X, Frob^) = g,,^(X, Frob^). 

Here Frob^ denotes a lift of the geometric Frobenius element of We,jj ■ 
When w is inert over F, then in general one has no relation between 
TTw and {n'^)w However, when tt is spherical at w then we do have 
TTyj = (Tr^).^, as is immediately seen from the classification of spherical 
representation. Similarly if pp is unramified at w then we have Pplcsyj — 
PpIgeu,- Hence equation (5.23) (with 77 being trivial) implies that for w 
inert over F, w e Sp, identity (5.37) aslo holds. Thus to conclude 

Corollary 5.14. For w ^ Sj^^p we have 

(5.38) P.,u.(X, Frob^) = g.,»(X, Frob„). 

As usual (5.38) characterizes the Galois representation Pp by Ccb- 
otarev density and Brauer-Nesbitt. This completes the construction of 
the Galois representation pp associated to tt. 

To complete the cases of proposition 5.13 where a is of even valuation 
or when w does not split over F, we use base change arguments. For 
any solvable GM extension E' of E, let tt' = BGf (tt) be the Arthur- 
Glozel base change of tt to Assume that tt' is cuspidal. Then tt' 
satisifies all the hypotheses at the beginning of section 5 (of course if 
tt' were in case 1 or case 2 discussed at the beginning of section 5, 
then theorem 1.1 and 1.2 arc known for tt' anyway). Denote by p^^p 
and Ptt'.p the Galois representations associated to tt and tt' respectively. 
Using (5.38) applied to tt and tt', a standard argument, using Gebotarev 
denisty and the relation between the Satake parameters of tt and tt', 
shows that 

(5.39) p^,^p^ p^^p\g^,. 

Proposition 5.15. For any finite prime w of E not dividing p and 

splits over F , and a G We^ , we have 

(5.40) P^,^(X,a)-Q,,^(X,a). 

Proof. First consider the case where a has nonzero valuation, i.e. a ^ 
Ie^- Write the valuation m of cr in the form m = 2"'u, where u is odd. 

Now choose a solvable totally real extension F' of F such that for 
the solvable GM extension E' — E ■ E' of E we have 
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1. tt' = BCf (vr) is cuspidal. 

2. There is a place w' of E' above w, such that the extension E'^, / E^ 
is the unramified extension of E^ of degree 2°-. 

With this choice we see that a G We' and has odd valuation with 
respect to We' ■ Note also that w' splits over F' because w splits over 
F. Hence by (5.24) applied to vr' and w', we obtain 

(5.41) P^',y,'{X, a) = g,.,^/(X, a). 

Now by (5.39) we have PT,i^u]'{X,a) = Pt,^w{X,(7), and similarly by the 
compatibility of base change with local Langlands correspondence we 
have QTr'^w'{X,a) = Q,r,u;(-^5 cr)- Hence we obtain (5.40) from (5.41). 

Thus (5.40) holds when a has nonzero valuation. In particular, de- 
noting by r^^ and the semi-simple part of the Weil-Deligne rep- 
resentations of 6p WD(pp|g£;„)^~^'^ and i2w(7r^ (g) | ■ \w^^'^) respectively, 
we have 

(5.42) trr^^^{a)=tTrt:::{a) 

for all a G We^ with nonzero valuation. An argument of T.Saito 
(argument in part 1 of Lemma 1 of |Saj ) then shows that this implies 
in fact (5.42) holds for all a e We^- Thus by Brauer-Nesbitt we have 
r^^ = r^^. In particular (5.40) holds for all a. □ 

Proposition 5.16. For any finite place w of E not dividing p, and 
any a G We^ we have 

(5.43) P^,^(X,a) = g.,^(X,a). 

Proof. Let v be the prime of F below w. Choose a solvable totally real 
extension F' of F, such that the solvable CM extension E' = E ■ F' 
satisfies: 

1. For any place u of F' above the place f of F we have Ey^ = 

2. tt' = BCf (vr) is cuspidal. 

By condition 1 we see that we can choose a place w' of E' above the 
prime w of E such that E'^, = E^ and such that w' splits over F'. In 
particular a G We' ■ Hence proposition 5.15 applied to vr' and w' gives 

PTT',w'{X,cr) = QT,i^iiji{X,a) 

As in the proof of proposition 5.15 we have P^/_^/(X, a) = P.„^yj{X,a) 
and Qi^i^uj'iX, a) = Qt,^uj{X, a), hence we conclude the result. □ 
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Proof of theorem 1.1 

With the proof of proposition 5.16 we see that the statement of local- 
global compatibility up to semi-simplification at primes of E not divid- 
ing p follows from (5.43) together with Brauer-Nesbitt. The assertion 
on the full local-global compatibility, in the case when tt^ is not of the 
form Stg^ ®Xi where St^;^ is the Steinberg representation of GL2(-E^) 
and X ^ character of E^, follows from the statement already proved. 
Indeed, from the classification of irreducible admissible representations 
of GL2(£'^) we see that the monodromy operator of £^(7r^ (8> | det \ w ) 

has to be trivial and that jCyj{7ryj <8) | det {w^^'^Y^ is not a twist of the 
semi-simple part of the special Weil-Deligne representation of We^. 
Since we know that LpWDlpplcj^^y^ = C^iT^w ® I det \w )*^, it follows 
that the monodromy operator of LpWD{p\Gj^ ^f-ss j^^^g trivial 
also (by the classification of two-dimensional Frobenius semi-simple 
Weil-Dehgne representations). 

We now prove theorem 1.2, which we state more precisely as theorem 
5.17 and 5.18 below. Recall that the central character a; of tt has local 
component : a ^ Wlc^" = (aa)"^" for a G E^ for all archimdean 
place w, and that the archimdean L-parameter of tt^, is given by (pno^nw 
where > 1 and Pq + 1 = Uu, mod 2. 

Identify the embeddings of E into C and the embeddings of E into 
Qp via Lp : = C. Under this identification a conjugate pair of em- 
beddings of E into Qp (under r) can be identified with an archimdean 
place of E. 

Theorem 5.17. The Galois representation pp associated to n is Hodge- 
Tate at primes of E above p. The Hodge-Tate weights of pp at the con- 
jugate pair of embeddings of E into Qp corresponding to the archimdean 
place w of E is given by 

(5.44) {S^v,Sn^ + n^} 

where 6^ := ^{1 + po — n^) 

Proof. Recall that as in proposition 5.4 we have 

Rp = Ind| Pp 

where Rp is the p-adic Galois representation associated to the cusp- 
idal automorphic representation 11 of GSp4(Ai?), that belong to the 
global packet classified by the simple generic parameter 11' = AI^(7r (g) 
I det I As) together with the similitude character uj' as in the discussion 
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in the beginning of section 5.1 {u' is thus the central charcter of 11). 
Recall that we have chosen uj' so that for any archimedean prime v oi F 
we have u}[ is given by a — )■ a~^°^'^, and that the local component at 
V is classified by the archimdean L-parameter 0(^o-2,nt,,o) (proposition 
5.2; recall that we have denoted riy = n^, for the place v oi F below 
w). 

By theorem 4.14, the Hodge- Tate-Sen weights of Rp at the embed- 
ding of F into Qp that corresponds to the archimdean place of F is 
given by 

(5.45) {5v,5v,5v^-nv,5v^-nv} 
where 

1 1 

= 2 ((/"o - 2) 3 - n^,) = -(1 + /io - Uu). 

Now since Rp\ge = Pp® Ppi follows that the Hodge- Tate-Sen weights 
of Pp®Pp at the conjugate pair of embedings of E into corresponding 
to the archimdean place w of F is also given by (5.45). 

In any case (5.45) is a muti-set of the form {a, a, 6, h) with a, h being 
unequal integers. Now we note that if {x^y} (respectively {x' ^y'}) 
is the Hodge- Tate-Scn weights of pp (respectively pp at the pair of 
embeddings corresponding to w, then x + y (respectively x' + y') is the 
Hodge-Tate-Sen weight of det pp (respectively det pp at the same pair 
of embeddings. But we have det pp = det p^ since u ~ u'^ . Hence we 
have X + y = x' + y' . It follows that the Hodgc-Tate-Sen weights of Pp 
at this pair of embeddings must be {a, 6}, i.e. given by (5.44). Finally 
since the Hodge-Tate-Sen weights are distinct integers, it follows that 
the Sen operator is semi-simple and so pp is Hodge-Tate. 

□ 

Theorem 5.18. Suppose that w is a place of E above p, inert over F , 
and such that is spherical, with distinct Satake parameters ^ (3^^. 
Then pp is crystalline at w. 

Suppose that w is a prime above p that splits over F , with conjugate 
prime w'^ , such that tt^ and tt^t are spherical, with Satake parameters 
0(w,Pw for TTy,, and q;^t,/5^t for n^T respectively. Suppose that the el- 
ements {a^, Pyj^ayjT , jj^jT^ arc all distinct. Then pp is crystalline at w 
(and also at w'^). 

Proof. This again follows from the main results of section 4. Denote 
by V the prime of F below w. First consider the case where w is 
inert over F, with tt^ spherical and having distinct Satake parameters 
ayj,/3yj aim. Then H' = AI^(7r(8) | det \ae) is spherical at v with Satake 
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parameters 

Since P>w, these four elements are all distinct. So by proposition 

4.16 we have i?p being crystalline at u, and hence R-p\ge — Pv® Pp 
crystalline at w, hence the result. 

In the case when w splits over F, we have by hypothesis that both vr^ 
and TTy^T are spherical. Then 11' is also spherical with Satake parameters 

at w. By hypothesis these are all distinct, so we conclude as before. 

□ 

Remark 5.19. 

Even though we do not know that the compatible system {pp}p is 
pure (in the sense of Galois representations), theorem 5.17 suggests that 
the motivic weight of the compatible system {pp\p should be 1 + /xq- In 
the case considered in |T2l IBH] . we have po = k — 2, corresponding to 
modular forms of weight k over E (with E being imaginary quadratic 
in [T2iEH]). 

6. Appendix 

In this appendix we prove proposition 3.4. Recall the statement: 

Proposition 3.4. Suppose ip is a global formal parameter of Saito- 
Kurokawa type. For each finite prime v, let ip^ be the local A-parameter 
o/ GSp4(F^) given by the localization of ip (it v. Denote as before by 
the local A-packet classified by ip^. Then the semi-simple part of 
the L-parameters of the representations in the A-packet U^^ have the 
same semi-simple part as that of . 

Thus let = yU ffl (A Kl f (2)) be a global formal parameter of Saito- 
Kurokawa type, where is a cuspidal automorphic representation of 
GL2(Aj?), and A is an idele class character of A^, satisfying = A^ 
(with Ufj, being the central character of n). In this case the local and 
global y4-packets corresponding to ip are constructed by R. Schmidt 
[Schj . using the method of theta correspondence (strictly speaking in 
[Schj the results are stated only for the group PGSp4, but the arguments 
in loc. cit. applies verbatim to the case of GSP4). To state the results 
we first set up some notation: denote by GSO(2,2) and GSO(4,0) 
the identity component groups of G0(2, 2) and G0(2, 2) and G0(4, 0) 
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respectively (notation as in |GTlt [GT2] ). For any (finite) prime w, one 
has: 

GSO(2,2)(F„) = {GU{F.,)xGU{F,))l{{z,z-^):zeF^} 
GSO(4,0)(F„) = {D^ xD^)/{{z,z-^):zeF:} 

where is the quaternion algebra over F^. We denote by 6', respec- 
tively 6^ , the local theta lifting from GS0(2, 2)(F^), respectively from 
GSO(4,0)(F„), to GSp4(F^). Then according to |Sch], the local A- 
packets of GSp4(F„) associated to the local A-parameter tp^ are given 
as follows: if /i^ is not a discrete series representation of GL2(-F„), then 
the A-packet corresponding to tp^ is a singleton {0{nv Kl At,)}; here to 
ease notation we have wriiten instead of A^ o det for the correspond- 
ing one-dimensional representation of GL2(-F^). On the other hand, if 

IS a discrete series representation of GL2(-F1,), denote by the irre- 
ducible admissible representation of that corresponds to GL2(-F1,) 
under the Jacquet-Langlands correspondence. Then in this case the 
A-packet corresponding to ip^ is given by {^(//^ K \^),6^{ii'l^ Kl A^)} 
(here again for 9'^{fi^^ Kl A„) we have ease notation by writing A^, for 
A„ o Nrd^i^/F^, where NrdD„/F„ is the reduced norm from Dy to F^). 

Using the results of |GTlj we can compute the L-parameters of the 
representations in these A-packets to verify proposition 3.4. There 
is nothing to prove when /x^ is not a discrete series representation, 
since the corresponding A-packet is a singleton, and is equal to the 
singleton L-packet corresponding to In any case the L-parameter 
can be computed from [GTl] as follows. In the notation of section 
14 of [GTlj . since fi^ is not a discrete series representation, we have 
fiy = J{n{Xv: Xv)) where Xv, x'v characters of F^, while we have A^o 
det = J(7r(At,| ■ \v , Xv\ ■ \v )). Hence by table 2, row /of loc. cit., the 

representation 6{iJ.yMXy) is given by Jb{K\ ■ \l^'^Xv'^Av\ ■ \v^^'^Xv'^',Xv)- 
By table 1, row e for N.D.S. of loc. cit. (N.D.S. for non dsicrete series) 

the representation Jb{K\ ■ ll^'^Xv^ ^ ■^vl ■ Iv^^'^Xv'^'iXv) has L-parameter 
given by: 

ixv ■ (1 © A,| ■ I'J'^x^' © >^lxf)) o art;i 

= {Xv®Xv®U- © A.I ■ I;'/') o art;i 

which is the L-parameter (to see the last equality use the fact that 
the condition o;^^ = A^ in this case is XvX'v = '^D- 

Next suppose that /x„ is either supercuspidal or a twisted Steinberg 
representation StGL2 '^Xv Then by Table 2, row e of loc. cit. the 
representation 6{iJy Kl A^) is equal to Jp{i^v © A^"*^! ■ |y^,A^,| • Iv^^"^)- 
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Denoting by r„ the representation /i^, ® A^"^| ■ 1^^, table 1 of loc. cit. 
shows that the L-parameter of the representation Jp{Ty,Xy \ ■ |„ ' ) is 
given by: 

(6.1) {cOr^X^l ■ \-'/^) o art-1 ©A,(r, ® A,| • \-'^^) © (A,| • \-^^^) o art^^ 

= (A^l ■ ly^) o art-^ ®Cyifiy) © (A„| • \-^/^) o art^^ 

(here we are using u^^ = A^). Next we consider the representation 
9^{fil^ Kl At,). We first make the assumption that fiy is not of the 
form StGL2 ©A^. Then by table 3, row b of loc. cit. the representation 
6~^{n'l^^Xjj) is a non-generic supercuspidal representation, and by table 
1, row c for S.C. of loc. cit. the L-parameter of 6^{^f" M X^) is given 
by 

(6.2) £,(/i,)©£,(StGL2®A,). 

It is clear that (6.1) and (6.2) have the same semi-simple part. Further- 
more, if ^y is supercuspidal, one sees from table 1, row h of D.S. the 
L-packet corresponding to the L-parameter (6.2) contains the other 
representation St(/ii, © A.""*^, A^). If /i^, = StGL2 with Xv 7^ A^, 
then from table 1, row a for N.D.S. of loc. cit. the L-packet corre- 
sponding to the L-parameter (6.2) contains the other representation 

jQ{.XvX~^,'^iGu) ® ^v- 

It remains to treat the case where ji^ = StGL2 ©A^. Then by table 
3, row a of loc. cit. the representation 9~^{fi'l^ Kl A„) = 9~^{Xy Kl A^,) is 
(in the notation of loc. cit.) given by iTngifJ'v) = 7r„g(StGL2 ©A^) (non- 
generic representation), hence by table 1, row c for N.D.S. of loc. cit. 
has L-parameter given by 

(6.3) £4StGL2 ®A^) © /:^(StGL2 ®A^) 

i.e. the same as (6.2) with fiy = StGL2 ®A^, and hence has the same 
semi-simple part as (6.1). One also see from table 1, row b for N.D.S. 
of loc. cit. that the L-packet corresponding to the L-parameter (6.3) 
contains the other representation 7rgen(StGL2 ©A„) which is generic. 
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